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Sequences and Series

¢ Arithmetic and Geometric progressions, insertion of arithmetic, geometric means between two given
numbers, Relation between A.M. and G.M., Sum upto n terms of special series: S, S,2, S,3, Arithmetico-
Geometric progression.

ARITHMETIC PROGRESSION

e  Sequence of numbers is said to be in A.P. when the difference between the consecutive terms
(numbers) is always same. If ¢ is the first term and d is the common difference, the A.P. can
be written asa, a +d, a + 2d, ..., a + (n — 1)d.
a + (n — 1)d is called the general term denoted by £,,.
Sometimes we call the general term as the last term (J).
ie,t, =a+(n—-1d.

Sum of n terms of an A.P.
e Let S, be the sum of n terms of an A.P.

S, =a+@+d)+@+2d)+..+@+{n-1)d) (D)
e  Now, rewriting the terms in the reverse order, we get
S, =a+n-1)d+a+n-2)d+..a+d+a .(2)

¢ Adding (1) and (2), we get 25,=[2a + (n — 1) d] + [2a + (n — 1) d] + ... + [2a + (n — 1)d]
=n [2a + (n — 1)d] (upto n terms)

= S,="la+a+®@-1dl

where a + (n — 1)d = [ = last term of A.P.
S ="la+1
"= g [a + 1]

Arithmetic Mean between two numbers
e Ifa,x, barein A.P.

. a+b
Then the AAM. of @ and b is x = >
Insertion of n Arithmetic Means between two numbers
. If n numbers are introduced between two numbers a, b such that a, A, A,, ..., A , b forms

an A.P., then A, A,, ..., A, are known as n A M.’s between a and b.
e  Let us suppose d is the common difference for this newly formed A.P.

b—-a
n+1

[By definition of A.P.]

Thusb=a+ N +2-1d = d=

b—-a

Thus, A, =a +d =a +

n+1

A2=a+2d=a+2{b_a}
n+1

b—
Thus n't AM. (A4,)=a+nd=a+ n{ a]

n+1

Special forms of A.P.
. If 3 numbers are in A.P. we may take them as a — d, a,a + d.
. If 4 numbers are in A.P. we can take them as a — 3d, a — d,a + d, a + 3d.

2 | Sequences and Series JEE Main | MATHEMATICS BT



@ There are four positive numbers in A.P. The sum of the squares of the extremes

is 272 and the sum of the squares of the means is 208. Find the numbers ?
Soln.: Let the four numbers a — 3d, a — d, a + d, a + 3d be in A.P.

(@—3d)?+ (@ +3d)?=2 (@®+9d? = 272

@-d?+(@+d?=2(@?+d? =208

= a2+ 9d%=136,a°>+d? =104

= d=2,a=10.

The numbers are 4, 8, 12, 16.

Z
o
-
&
-
n
2
-l
=

@ In the sequence 1, 3, 8, 16, 27, 41,....the difference between adjacent terms form

an A.P. Find the n'" term of the sequence ?
Soln.: t, — t;= 2
ts—t, =5
t,—t; =8
t ., —t, =n"terms of the AP. 2,5,8,..=2+7m-13=3n-1

n

(ty —t) + (85 — &) + ..... + (¢

n+1"

t)=2+45+8+ . +@n-1=Gn+1)

Replace n > n — 1

n = 2 a 2

@ If the sum of m terms of an A.P. is equal to the sum of either next n terms or

3=’ +(n-D+2 3’ -5n+4

1 1

the next p terms, then find the value of ’{’ '1‘ ?

Soln.: S, ,, =§,,,=8,+8,=28§, m p
Sm+n=2Sm
(m;n)[2a+(m+n—1)d] = ml2a + (m — 1d]
2 (m+n)’ m+n
_ e d
(n — m)a m 5 + >
2
T 2 ...(D)
d n—m
2
Likewise, S, , , = 25, = = . m—p—2ﬂ ..(2)
d p—m
2 2
1), (@ =>n+ — =p+ 2
n- p—-m

n(m+n) _ p(m+p)
n-m ~ p-m
nim+n) (p —m) =pm + p) (n —m)
Dividing both sides by mnp, we get

e nf2-) - men(i-) £ -
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@ If n arithmetic means are inserted between 1 and 31 such that the ratio of the

first mean and n'* mean is 3 : 29, find the value of n.

Soln.: First and last term of the A.P. are 1 and 31.
Also n arithmetic means A,, A,, ..., A, are inserted in between them resulting in a A.P.

of n + 2 terms.
Given that A; : A, =3 : 29

b-a

d =

b—
, where b is last term, a is first term and A, = a + r{ +T}
n

A = a+1{b_—“} where b = 3, a = 1
n+1

A1= 1+i:”+31
n+1 n+1

n(30) _ n+1+430n  3ln+1

Similarly, A =1+ = =
Y a n+1 n+1 n+1

nt3l _3 (given) = n = 14.

A A =
L2 ™ 3141 29

@ If the sum of n terms of two A.P.’s are in the ratio (4n + 1) : (2n + 1), find the ratio

of their 4" terms.
Soln.: Given two A.P’s say (a;, d,) and (a,, d,), where (a,, d;) means A.P. with first term
a; and common difference d,. Also ratio of S, : S, is (4n + 1) : 2n + 1)

Sum of n terms of an A.P. = %(2a +(n-1)d) and n'* term of an AP. =a + (n — 1) d.

%am+m—na)

. 4 1
Given that S, : S, = ntl o, p =227
27’[+1 5(Zaz_,’_(n_l)dz) 27’[+1
1
a1+5(n—1)d1 4n +1
i - (1)
n—1 2n +1
a, + 5 d,
Also, ratio of their 4 term is “1° @=-Dd, _ a +3d, .(2)
a, A (4 —l)dz a, A 3d2
Comparing (1) and (2) we get nol_ 3=>n-1=6=>n="17
for n = 7 ratio will be 28+1_29
14+1 15

@ How many terms of the series 54, 51, 48, 45, ... must to be taken to make the sum 513.
Soln.: We have A.P. = 54, 51, 48, .... where a = 54 and d = 51 — 54 = -3.

S, (sum of n terms of progression) = %(2a + (n —1)d).

S, = %[108 +(n—1) 3.
Also S, = 513 (given)
= %[108 +(n -1 (=3)] =513 = 108n — 3n% + 3n = 1026

= 3n%2-111n + 1026 = 0 or n? — 37Tn + 342 = 0
On solving we get n = 18 or 19
Now T'gy=a+(n—-1)d=54+18 x (-3)=0. .. n=18.
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@ The internal angles of a plane polygon are in A.P. The smallest angleis 120° and the

common difference is 5°. Find the number of sides of the polygon and the sum of
internal Zs.
Soln.: Given that internal angles of the polygon are in A.P., such that its first term is the smallest

angle = 120° and d = 5°.
For a polygon of n sides sum of internal angles is (n — 2) x 180°

Also sum of n terms of an A.P. is S, = %(2a +(n-1d)
For a = 120°, d = 5°

% (240 + (n — 1) 5) = (n — 2) 180° (given)

n? 5n

= 120n+57—7=180n—360:>n2—25n+144=0 or n=29,16

Since interior angles are < 180° .. T, = 195° cannot be interior angles
So, n =9 .. Sum of interior angles = (9 — 1) 180° = 1440°

. . 1 -1
Ifa,>0G=1,2, .., n) be in A.P. Show that 1 + 1 + oot L .
) aa, a,a; a,,a, oqa,

Soln.: Given that a, > 0 such that a,, a,, ... a, forms an A.P.

Fora,, a,, .., a, tobein AP.,soa,-a, =a;—-a,=a, —a, ; =d where d is the common

difference.

1 d - 1(1 1
Consider = - R W —[___]
aa, d(ayay) d(aay) d\a; a
Similarly. ! d 1 { 11 }
imilarly, — = sE=|=—===
Y a,as dayas) d|ay a3
. : 1 . r 1
On the similar pattern we will get = = -
a,d, 1 d 4n-1 n
1|1 1
1 + 1 EISE 1 = l|:i—L+L—L+...+L—L:| = —|:———:|
qa; a3 ap19, dla, a a a ap1 4y dla a,
_la,—a _a+@m-1d-aq _ n—1
d aa, daa, a,a,

GEOMETRIC PROGRESSION

e G.P. is a sequence whose first term is non zero & each of whose succeeding term is r times the
preceding term, where r is some fixed non zero number, known as the common ratio of G.P.
If @ is the first term of a G.P. with common ratio r then its n™ term ¢ , is given by ¢, = ar®~ L.

e A Geometric Progression (G.P.) is a sequence of numbers, if the ratio of any term and its just
preceding term is a constant throughout. This constant factor is known as common ratio of

the G.P. The set of numbers a,, a,, ...., a, is said to be G.P. sequence if

a4 _a a,

=..= = constant (r).
a  a a

n—1
Sum of n terms of the G.P.
e Let S, be the sum of n terms of the G.P. Then S, is denoted by
S = —a(r - or —a(l—r ) ifrz1
n r-1 1-r
(Depending on whether r > 1 or r < 1)
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¢ For r = 1 the G.P. will become a, a, a, ..., a = S, =naforr=1

¢  Sum of an infinite G.P. is given by IL’ where |r| < 1.
-r

Geometric mean between two numbers
e Ifa,x, b arein G.P., then x = Vab is the G.M. of @ and b.

Insertion of n Geometric Means between two numbers

¢ Leta, b be two numbers. If n numbers G,, G,, ..., G, are introduced in between them such that
a, Gy, G, ..., G,, b forms a G.P. then G,, G,, ..., G, are termed as n G.M’s between a, .
e  Now if r is common ratio for this G.P. then

1
_ LA
b=ar*?-lsr= p

1

b\ — b\ —
Hence, G, = a(_j LG, = a(_j n+l

a

b
So n't term will be G, = a(;) ™
Special Forms of G.P.
e If 3 numbers are in G .P., we may take them as

e If 4 numbers are in G.P., we may take them as

The sum of the squares of three distinct positive numbers, which are in G.P.,
is s%. If their sum is o s, find the interval in which o? lies.

Soln.: Let the numbers be %, a, ar where r # 1, -1, 0 and a > 0.

1 1
a2(7+1+r2) = s% a(—+1+r) = os
r r

2
(1+1+rj
r A+ r+r?)?

1+ 72+ 7%

4
Q
-
<
14
[
n
2
-l
=

2_

1 2
— +1+r
7

9 1+7+72
o= ———
l-r+r

-1 - @+ r+02-1=0
r is real = Discriminant > 0
@+ 1?2 -4@®-1%2>0
@W@+1+202-1) (@ +1-202-1)=>0
Ba2-1)B-0)>0

1 1
= (0(2—5)(0(2—3)S0:>(12€ |:§,3:|.Butr¢0,i1:>(12€ (%51) v (1, 3).

Let a, b, ¢, d, be in G.P. If u, v, w satisfy the system of equations
u+2v+3w-=6, 4u + 5v + 6w =12, 6u + 9v = 4, then show that the roots of the

equations[i+%+%)x2 +[b-02+(cc-a)?+d-b’lx+u+v+w=0 and

20 x* + 10 (a - d)? x - 9 = 0 are reciprocals of each other.
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1 2 5
Soln.: Solving the system of equations, we get u = V=3 w=73
1 1 1 9
—t—t+t— = -——u+v+w-=2
u v ow 10
b-clP+c-ai+(d->b)?=(a-d?

(1 1 1) 2

The quadratic equation oty E [(B-¢)?+(c—a)+(d-b)*lx+u+v+w=0 becomes
u v ow

9
—Exz +@—-d)*+2=0o0r—9x%+ 10 (@ — d)?> x + 20 = 0. The equation whose roots

1
are the reciprocals of the roots of this equation is obtained by writing — in place of x.
X

9 o la=a) 2 2
Thus -— +10 +20=0 or 20x° + 10 (@ —d)* x — 9 = 0.
X X
@ If S,, S,, S;....., S, are the sums of n terms of n G.P.s for which all the first

terms are 1 and common ratios are 1, 2, 3,...., n respectively. Find the value

of S, + 2 (r-v8S, 9

r=2
1-7"

1-r

Soln:S =1+r+r*+. ...+ 1 8=n,8 = ,r>1

Sy + Y =DS,=n+ 2" =D=1"+2" + 3" + .. n".
=2 r=2

@ If ptt, ¢'* and r'* term of a G.P. are respectively x, y and z then prove that
x9-T .y TP . 2P-4 =1,

Soln.: We have p®, ¢t and r** terms of G.P. as x, y and z.
A G.P. with first term ¢ and common ratio R has n'® term as ¢, = a R"~ L
Given pt term isx = a RP- ! =«

Similarly,a R~ =y ;a R~ '=2
Nowx?d~" .y "P .2~ 9=ql 7 .q "P.gP=9.rP-D@-1 a-D0-p) pr-Db-9=g00 1

@ The sum of first three terms of a G.P. is to the sum of first 6 terms as 125 : 152.

Find the common ratio of the G.P.?

Soln.: Given the ratio of sum of first three terms to the sum of first 6 terms is 125 : 152.

. . 1-r"
Sum of n terms of a G.P. with first term a and common ratio r is S, = a%.
-r
1_,3 16
S3=a( r);S6= aw.
I-r I-r

S, : Sy =125 : 152

al-r¥)  1-r 125 1o 125

X = — = — = —

1-r a(l —r%) 152 11— 152
a-r 125

_ 27
= - 3 — 3 =
A=)l +r) 152 = 152 =125 + 125 r° = s =7 =r=23/5
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Find the sum upto n terms of the series: 0.7 + 0.77 + 0.777 + ... ?
Soln.: We will try to make either an A.P. or a G.P. of the given series so as we can apply
the direct formula to find the sum.

0.7 + 0.77 +0.777 + ... upto n terms = (0.7 + 0.77 + 0.777 + )% = %(0.9 +0.99 + ..)

%ﬂ—Ol+1—&M+“J=%m-ml+QM+“JHmmﬂ

Moo |lz@A0" 11} 7 7( 1
9 1-110 J10|~ 9 81 10")°

Relation between A.M. and G.M

* AM. - G.M. Inequality: @ e IfA and G are respectively arithmetic
@ +a, +..+a, n and geometric means between two
" 2 (a; ay ... @) positive quantities a and b, then the
Equality holds if and only if quadratic equation having a, b as its

- q. = = roots is x2 — 2Ax + G2 = 0

a,=ay,=...=aqa,
¢ Root mean square inequality: * If A and G are _t}}e AM. and G.M.
S 5 between two positive numbers, then
/a1+a2+...+an @ +ay+..+a,
n = n the numbers are A+vA?-G?2.

Sum upto n terms of special series

e Series: If {t, t,, ..., t,} is a sequence, then S =¢, + ¢, + ... + ¢, is called the corresponding
series.

e Summation of Series : We can in general, find the sum of an A.P., G.P. and A.G.P. upto
n terms.

Now we will discuss about summation and its general properties.

The ¥ denotes summation. For instance we can write ¢, + a, + ... + @, = >

e Some Basic Properties of Y are :

@) Y (a, +b) = X a.+ )b, (i) X k-a, = k-)a,
r=1 r=1 r=1 r=1 r=1
i) Yk = kn @) 31 =n
r=1 r=1
1 1
(v) Dr=1+2+..n= —n(n; ) = (sum of first n natural numbers)

r=1
n(n+1)2n +1)

< 2 2 2 2
: re=1+2"4+3"+..n" =
m)é .

n ( + 1) 2 n 2
nwn
(vii) 27 = {—} =|2r
r=1 2 r=1
e Summation of Series : The problems involving summation of series can be divided into two
steps.

(i) Determination of n'® term 7', (i) Finding the sum (S)).

ARITHMETIC-GEOMETRIC PROGRESSION (A.G.P.)
e qa, (a+dr (@+2dr? (@ + 3d)rs, ... be the terms of A.G.P. (D)
t,=(a+ (n-Ddr -1
(1)is AP.ifr=1and GP.ifd =0
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For example : 1, 3, 5, -25 is A.G.P.

2
wherea:l,d=*g,r=5

The sum of n terms of (1) is S, = {a —(a+(n-1d)r" + 1dr (1 - r”l)}
-r -r

. . 2 3 .
. Sum of infinite G.P. «a, ar”, ar’,..... is S =

a dr a+(d-a)

. Sum of infinite A.G.P. S_= + =
©1-r Q-rp a-ry

1 1 1

Z 0 . . . .

) @ Sum upto n terms: 135357 579" and hence find the sum upto infinity.
E Soln.: Determination of n'* term:

14

= T = ! = 4 + B 4 <

g " @Cn-D2rn+1)2n+3) (@rn-1) @n+1) (@n+3)

:II =1 =A@n +1)(2n +3)+B2n-1) 2n +3)+C2n - 1) 2n + 1)

- By comparing coefficient on both sides, we get 4 = %; B = —%; C =%

T_1[1_1}_[1_1}
8 |[2n-1 2n+1 @n+1) 2n+3

Summation of T, : S, = XT,

11 1 1 1 1 1 1
n= 656 5) = G-
1 1 1 1 1 1 1 1 1 1
[gj{[g‘;j‘[;‘;]}; """ > T = [gj{[Zn—l 2 +lj_[2n +1 _2n+3ﬂ
On addition we get; S, =T, + Ty + ... + T =l{1—l—;+ ! }

3 2n+l1 2n+3
| | 1
= — 1_ - — - =
S, 8{[ 2n+1j [3 2n+3j} or S,

n(n +2)
Taking limit as n — «; we get sum of infinite terms S_ =

Ty

2n +1)2n +3)

W | =

E .

Find the sum of n terms of the series 1-3 + 3-8+ 5.:15 + 7-24 + ...

Soln.: Determination of nt* term T,:
The n'* term of sequence 1, 3, 5, ... is 2n — 1.
The n'* term of sequence 3, 8, 15, ... is n(n + 2).
Thus n'* term of the given series will be (2n — 1) (n + 2) n = 2n% — 2n + 3n?
T =2n%+3n%-2n
Summation of series :
S, =3T, =32n3 + ¥3n? — ¥2n = 23¥n3 + 3¥n? — 23n

S, = o 1+ ), 3n@+D@n+1) ) (a(n +1))
4 6 2

2
S, = @ —[n(n+1)]+%(n+l)(2n+l)n

90)
|

— n(n2+1)[n2+ n—-2+2n+ 1] = i’l(nT'i'l)[n2+ 3n — 1].
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1
Find th fnt f th i —t T+
@ in e sum of n terms of the series 1+1+2+1+2+3+
1

Soln.: Determination of n® term : 7 = ————
1+42+3+...+n

n

1 2 1 1 . . "
= 20 D) S ameD) - 2{; a— J [using partial fractions]

2

e
n n+l

Summation of series: S, = XT,

T, = 2{1—1}; T, = 2{1—1}; T, = 2{1—3}; ,,,,,, [T, = 2{1_ ! }
2 2 3 3 4 n n+l
Adding them we get
- 2
S, =T, +Ty+ ... +T, =2|1- ! =2Lll Sn={ n]
n+1 n+1 n+1

The real numbers x,, x,, x, satisfies the equation x* - 4* + fx + y =0 are in A.P.
Find the intervals in which § and v lie.
Soln.: x;, = x, — d, x,, x; = x, + d are in A.P. and are the roots of the cubic equation.

%y + %5 + %=1 ..(D
Xy + Xy + Ko Xy + Xgxy = P ...(2)
X XgXg = — ¥ ...(3)

1) =3x,=1 =x, =
1 1 1(1
@= 8= (5-453

1 1(1
_ -_d)-(-+d .
@)=y (3 3.3 3 277 27

If a, b, ¢ are positive, then prove that [(1 + @) 1+ b) A + ¢)]” > 77 a* b* ¢*

Soln: 1 +a) A +b)(1+¢c)—1=a +b +c +ab + bc + ca + abc
>7(a-b-c-ab-bc-ca-abec) since AM. >G.M.
=7 (a4b4c4)1/7
A +a)@A+b) A +e)21+ 7 @) > 7 (a*btehHV”
Sl +a) @ +0) A+ 0] > Tatbet.

Find the sum of the products of integers 1, 2, 3, ..., n taken two at a time, and

show that it is equal to half the excess of the sum of the cubes of the given
integers over the sum of their squares.
Soln.: For any numbers a,, a,,....., a

(@ + Gy + k@)= D0 +2 D aa;
Hence (1 +2 + ... +n)?= ) i°+2 > .
. 1 SR 2
The required sum = 5[(1+2+...+n) —(F+2"+...+n)]
= %[(13 + 2 4+ +2%+ .+ M),
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4

16 L
@ Find the sum of 2 =
no14n” -1
nt len* —1+1 5 1 1, 1( 1 1
Soln.: ¢, = — = 5 = —@n+)+———— = —(4n" + )+ -
4n- -1 16(4n” -1) 16 16(4n~ - 1) 16 32\2n—-1 2n+1

16

16-17- 1
S = L{Mm}i@_% = 375 + .
16 6 32\ 33 33

n=1

an+1 an+1\? an+1\°
@ Find the sum to n terms of the series 1+5( )+9( ) +13( ) +.. ?

4n-3 4n-3 4n-3
4n+1 —4 1 (4n - 3)
3 = —_ = = = —
Soln.: Let x 4’1_3,then1 x i3 1 2
x _ (4n+1)
1-x - 4
S=1+5x+ 9% +...... + (4n — 31!
Sx =x+ 5x%+ ...... + (4n — 3"

S —Sx=1+4x+4x®+ ...+ 4"~ ' — (4n — 3"
4
S -x) =1+ T (1" 1 - (4n - 3"

1 4 4y
S = — 2 (4n-3)x"
1-x

1-x 1-x -

= - (4n4_ & [1-(n+1)+@n-3)x" —(4n-3)x"] = n(4n - 3).

r4

r=1

@ Calculate the value of

r2

M= | i M=

r=1

Soln.: (x + 1)° — x° = 5x* + 10x® + 10x% + 5x + 1
Sk + 1% — k5] =5 3k* + 10 3k3 + 10 3k2 + 53k + 21

where Y stands for Z

k=1
107°(n +1)? 10n(n+12n+1) 5an+1)
4 + 6 aF 2 +n

5
55n* = n® + 5n* + 10n® + 1012 + 5n — %nQ(n +1)2 - En(n + 1D @2n+1) -

n+1°-1=53p+

Sn(n+1) n
2
n(n+1D)2n+1)3n +3n-1)
6

1
= MnT-’-)(6n3+9n2+n—1)=

DK Ba(n+n-1

T
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SUPPLEMENT

LTA competitive exams

A

Arithmetical Progression (A.P.)
e T of AP. = a+(n-Dd

* 5, ofAP. = Z(a+D)or ] [2a+(n—1d)
¢ Common difference of AP.is d =T, —T,_; of all n.

° (a) Tn = Sn - Snfl
1
)T, =5 [T, 4+ Ty b <n

¢ Arithmetic Mean (A.M.) betweena and bis A = %b

e Sumofn AM.sbetweena andb=nA.ie. A +A,+.....A, =nA

¢ Any three numbers in A.P. can be taken asa-d, a, a +d
¢ Any four numbers in A.P. can be takenasa —-3d,a—d,a +d,a + 3d
e Fivenos.inAP.area—-2d,a—-d,a,a+d,a+2d

e Ifp™termofan A.P.isq and ¢* term =p, then T},,, =0, T, = p+q-r
o If pT,=qT, of an A.P.,then T, =0

p+q

. IfSp = qforanA.P.,Sq = p, then Sp+q =—(p+q)
. IfSp = Sq foran A.P., thenSp+q =0

an+1 +bn+1
e = — isthe A M. betweena and b ifn =0
a"+b"
Geometrical Progression (G.P.)

e (@ T, =ar"t

(b) If I denotes the last term of a finite G.P., then n™ term from the end is=—
.

n n
e S, = %, if r <1 numerically = %, if r > 1 numerically

a
e S, = 1 where |r| <1.

If |r| > 1, then S, does not exist.

. a
¢ Three numbers in G.P. can be taken as e a, ar

. . a a 2
Five numbers in G.P. can be taken as — s as ar, ar
r
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. a a 3
Four numbers in G.P. can be taken as —3- —oanar
.

1
‘ P9 | p—q
e (i) If foraGP., T,=P;T,= Q, thenT, =

Q"

(i) If for a G‘P"Tm+n =D; Tm—n =q, then Tm =Pq ; Tn =p (%j "

(iii) If a, b, ¢ are the p®*, ¢, r** terms of a G.P., then a7 -7 -c?7 7 =1
n+l +bn+1

o () 4_TY

. 1
is G.M. between a¢ and b if n=——
a" +b" 2
(ii) If A and G be the A.M. and G.M. between two numbers a, b are given by A+ ./(A+G) (A-G)
[ x*—(a+b)x+ab=0]

_ 2A£v4A% -4G?

2

G zn=@ Q) Yn?=

= x2-24x+G*=0 = «

= x=A+J(4+G)(4-G)]

nn+l) @n+1)
6

(i) Yn® = (X n) {%T

(iv) S, =>.T, =Z(an3+bn2+cn+d) =ay.n’+by.n” +cy n+dn

o Aseriesoftheforma+@+dr+@+2d)r?+@+3d)ri+..+la+n-1Ddlrml+... is called
Arithmetico-Geometric series (A.G. series)
e Summation of series as by the method of Differences,
Let S, = T} +T5+T5 +....+ T, ..
Also S, = 1 +T5+...+T, 1 +T, -(2)
(D—2) gives 0=T7 +(T;, —-T))+(T5 - T5,) + ..... +T,-T, )+T,
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Miscellaneous

1. Ifthe nt* term of an A.P. is p, show that the sum of first (2n—1) terms of the A.P. is (2n — 1) p.
Soln.: Let, a be the first term and d, the common difference of the A.P.

nfterm=a +(n-1)d=p (1)
(2n—1) 2n—1
Sum of first (2n — 1) terms = ~— [ 2a+(2n-1-1)d ] = [2a+(2n-2)d |

_2n-1

x2[a+(n—l)d}:(2n—l)p [from (i)]

2. The 12th term of a series in A.P. is —13 and the sum of first four terms of it is 24. Find the sum of its first
10 terms.

Soln.: Let a = first term of A.P.; d = common difference of A.P.
12t term=a+(12-1)d =a + 11d.
a+11d =-13 ..(@)
Sum of first 4 terms S4:%[2a+(4—1)d]
© 22a+3d)=24 ...(i1)
Solving (i) & (i), a =9, d =-2.

Sum of first ten terms, Slo=§[2><9+(10—1)(—2)] =5(18-18)=0

Tn+1

4n+27
Soln.: Let the two A.P. series have first terms a¢ and b and common difference be ¢ and d respectively.

3. The sum of n terms of two A.P. are in the ratio . Find the ratio of their 11th terms ?

n n
Sum of n terms of the two series are 5 =5[2a+(n -Dc] and S, =5[2b+(n -1)d]
Sy _2a+(n—Dc_ Tn+l .
S, 2b+(n-1)d 4n+27 ...(d)
a+(11-1)c _a+10c B
b+(11-1)d b+10d ...(i)

Again ratio of their 11 terms is
By putting n = 21 in equation (i)
2a+(21-1)c _2(a+10c) _ 7x21+1 _4

2b+(21-1)d 2(b+10d) 4x21+27 3
Ratio of 11** terms is 4 : 3

4. Find the sum of all natural numbers lying between 200 and 500, which are multiples of 3 or 7 or both.
Soln.: The first and last numbers between 200 and 500, which are divisible by 3 are 201 and 498.
If there are n such numbers 498 =201 + (n — 1) x 3 or n = 100.

Sum S, =%[2><201+(100—l)><3]=50><699.

Again, first and last numbers between 200 and 500, which are divisible by 7 are, 203 and 497.
497=203+(n—-1)x7 or n=43

43
S5 :7[2x203+(43—1) x7]=43x350.
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Numbers which are divisible by 3 or 7 are all divisible by 3 x 7 i.e. 21.

First and last numbers which are divisible by 21 and lying between 200 and 500 are 210 and 483.

483=210+(n-1)x 21 or n=14
g Szl=%[2x210+(14—1)x21]:485l.

Now, all numbers which are divisible by 21 are also divisible by both 3 and 7.
Hence, required sum =S, + S, - S,; = 45159

5. Sum of some consecutive odd positive integers is 572 — 132. Find the integers ?
Soln.: Let the number of odd integers be n and let the odd integers be
@2m+1),2m +3), 2m +5), ....

Sum :%[2(2m+1)+(n—1)><2] =n[2m+1+n-1]

=n(2m+n)=2mn +n%=m2+2mn +n?) —m2=m +n)?-m?
s B72-132 =m+n)2-m?2 "m+n=57andm=13 .. n=44
Hence, the integers are, 27, 29, 31, ...... , 113.

6. The sum of three numbers in G.P. is 35 and their product is 1000. Find the numbers.
Soln.: Let the three numbers in G.P. be %, a, ar

a
—+a+ar=35
B

4 axar=1000
.

From (ii), a3 =1000. ora =10
10
From (1), o 10+ 10r =35 or,2r2—5r+2=0

1
or, r-2)2r-1)=0 .. r=2or 5
10 10 |
The terms are B 10,10 x 2 or 5, 10,20 or E’IO’IOXE i.e. 20,10, 5.

...(d)
..(ii)

7. Calculatethe sumton terms: 4 +44 +444 + .......
Soln.:4 +44 +444 + ......... to n terms

4

=4[1+11+111+...... to n terms] =§ [9+4+99+999 + ....... to n terms]
4

) [(10-1) +(10%2-1) +(103-=1) + ...... to n terms]

4
) [(10 + 102 + 1083 + ...... tonterms)—(1+1+1+.... to n terms)]

4 {waon} 4 [”(lon_l)_n}
9 10-1 9 |9

8. Solveforx:1+a+a?+ - +at+a*=1+a)(1+a® (1 +a*) (1 +ad
Soln.: The series in L.H.S. is a G.P. with first term = 1 and C.R. = a, having (x + 1) terms.
(1 _ ax+1)

=1+a)1+a®)A+aH)1+a®)
1-a

or, 1-a**!' =(1-a?)1+a® A +a*)(1+ad)=1-0alb

or, a*! =qa!® or, x=15
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9. IfS,, S, S, ..... , S, are the sums of n terms of n different G.P., whose first terms are 1 each and
common ratios are 1, 2, 3, -+ , n, show that S; + S, + 25, + 35, + - +(n-1S, =1"+2"+ e +nn.

Soln.: S, =1+11+1.1%+...... +11"l=1xn=n(@=1r=1)

521D

2-1
=00 or 95, =31-1

14" -1) n

S,= a1 or, 3S,=4"-1
Snzl(n ) or, (n-1)S, =n"-1

n—1
Adding, S; + S, + 25, +3S, + .......... +(n-1)8,

=n+Q2"-D+@"-D+@" - D+.cco.+ (0" =1) =n+Q"+3" +4" +....+n")-1(n—=D)=1"+2" +.......+n".

10. Show that sum of first n terms of the series 12 + 2.22 + 32+ 2.4% + 52 + 2.6% + ------- is %n(nﬂ)z- Ifn is even
integer.
Soln.: Since n is an even integer, let n = 2p.
Given series = (12 + 32+ 52 + ...... to p terms) + 2 (22 + 42 + ....... to p terms)
=8, + 28, (say)
~ForS,t =[1+(n-1)212=2n-1?2=4n?-4n + 1.

t, =412-41+1;
t, =4.22-42+1;
t, =4p?—4p+1;
Adding, S, =4 (12+ 2%+ ...... topterms) —4 (1 +2+...... to p terms) + p.

H(2p+l 1
_4.P(pDCp+ )_4,p(172+ )+p:p(4p2+3p_4)

ForS,, t =(2n)?!=4n? .. S,=4(1%2+2%+ ... to p terms)
Adding get the answer.

nt+2nd—n

11. If n'h term of a series is given by el _1, find the sum of its first n terms.
nn+

n4+2n3—n—1_ (114+n3)+(n3 —-n)—1

Soln.: Given, ¢, = =
n(n+1) n(n+1)

3 2
. A 1 1
_n (n+D+n(n”-1) 1:(n2+n—1)— 1 S T B
n(n+1) n(n+1) n n+l

_n(n+1)(2n+l)+n(n+l)_n_{l_1}
- 6 2 n+l

_n(n+1)(2n+l)+n(n+l)_n n _n(n+2)(n2+2n—2)
B 6 2 (n+l) 3(n+1)
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12. Find the sum of the numbers in the n'* bracket of the series (1) + (2+3+4) +(5+6+7+8 +9) +..........
Soln.: First term in first group = 1, no. of terms = 1.
First term in second group = 2, no. of terms = 3.
First term in third group = 5, no. of terms = 5.
Number of terms in nt" group = nth term of A.P. 1, 3, 5, ..... =1+(n-1)x2=2n-1.
Let ¢ be the first term of n group.
.t =n" term of the series 1, 2, 5, 10, ....
LetS=1+2+5+10+...... +t. (@)
S=1+2+5+.... +t,  +t. (i)
Subtracting (i) from () 0=1+1+3+5+...... to(n —1) terms) —¢,.

or, tn=l+nT_l[2><l+(n—l—l)><2]=l+(n—l)2
C.D. in the n** group = 1

2n—1

-. Sum of term in nt* group = [2{1+(n —1)2}+(2n—1—1)x1}:(2n—1)(n2 —n+l)

13. In an A.P. consisting of 20 terms, sum of the terms in even places is 250 and that of the terms in the odd
places is 220. Find the two middle terms of the progression.

Soln.: If first term = a and C.D. =d,
The series is a, (a + d), (a + 2d), (a + 3d), (a + 4d), ...... , (@ +19d)

@+d)+(@+3d)+(@+5d)+...... + (a + 19d) = 250 ...(d)
anda + (a +2d) + (a +4d) + ...... + (a + 18d)= 220 ...(i)
From (i), 10a + [d + 3d + 5d + ....... +19d] =250
The series in the bracket is an A.P. with first term = d and common difference = 2d, having 10 terms.

10a+§[2d+(10—1)x2d]:250
or, 10 a + 100 d = 250 ...(1ii)
From (i), 10 e + [2d + 4d + ..... + 18 d] =220
The series in the bracket is an A.P. with first term = 2d, common difference = 2d, having 9 terms.

10a+%[2x2d+(9—1)2d]=220 or, 10a +90d =220 i)

From (iii) and (iv), d = 3, a = 5.

Middle term of the 20 term series are 10%* & 11t® terms.
ty=-5+(10-1)x3 =22
t, =-5+(11-1)x3 =25

+ ! + ! +
1.2:3-4 2:3:45 3.4.5.6

14. Find sum to n terms :

Soln.: The ! term and (r + 1)t term of the series can be written as
t.= ! and ¢, = !
r(r+1)(r+2)(r+3) (r+)(r+2)(r+3)(r+4)

Dividing, we get, rt, = (r +4).t,,, or,r-¢t, —(r+ 1)t =3t
Putting r=1,2,3, ........ to (n — 1), we get,

t,—2t, =3t

2t, —3t, =3t,

3t,—4t, =3t,
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Addingt, —n-t, =3 [ty+ts+........ +1 ]
or,4t, —n - t, = 3S. (Adding 3t, to both sides of the eqn.)

1 n 1 1

n J—
1.2:3-4 3n(n+l)(n+2)(n+3) 18 3(n+D)(n+2)(n+3)

4 4
S=—t;,——t,=—x
31 33

15. If (12— ¢)) + (22— t,) + +oeone + (n? —tn):én(n2 -1), prove thatt =n.

Soln.: LH.S. =(12+22+ 32+ ....... +n?) =t +ty+tg+ +t) :w_ S,
n(n+1)2n+1) S, = ln(n2 1)
6 3
Snzw_l.n(n_ﬂ)(n_l) :’1(’1"'1)|:2n+1_(n_1):| :n(n+1)
6 3 3 2
Sum of n natural numbers =1+2 +3 + ...... +n.

n't term ¢, = n.

16. In the following two A.P.’s how many terms are identical?
2,5,8,11, ... to 60 terms and 3, 5, 7, .. to 50 terms.
Soln.: Ifa, a +d, ... be an A.P. then its n'® term is given by T\, = a + (n — 1)d
If possible, let the pt* term of the 1% A.P. be identical with ¢ term of the 2" A.P.
Then 2+(p-1)3=3+(@-1)2
= 3p-1=29+1 = 3p=2(qg+1) ..@)
1<p<60;1<9g=<50,p,ge N
From (i), we conclude that p is a multiple of 2
let p=2s
1<p<60 .. 1<s<30
Puttingp=2sin i) 3s=q +1
As 1<¢g <50 - 1<s<17
So, there are 17 terms identical.

17. Does there exist a geometric progression containing 27, 8 and 12 as three of its terms? If it exists, how
many such progressions are possible?
Soln.: The nt* term of a G.P. a, ar,ar?...is T, = ar"~ 1.
Let the terms be in G.P. of which 8 is the first term and T, = 12, T, = 27.
Let r be the common ratio, r # 1
12=8rm-1,27=8r""1!

3

3 3

= (_j - rm—l, [_j - rn—l = (r)3(m—l) = rn—l
2 2

On equating the powers of r, we get
n

= 3m-3=n-1 = 3m=n+2 z%=%2=k(say) > m=kn=3k-2

Fork=2,3,4,... we get sets of distinct positive integral values of m and n, each of which gives a G.P. of
which 8, 12, 27 are three terms.

18. Prove that the numbers 49, 4489, 444889, ..... obtained by inserting 48 into the middle of the preceding
number are square of integers.
Soln.: 49=40+8+1=4x10+8+1
4489 = 4000 + 400 + 80 + 8+ 1 =4(103+ 10>) + 8(10+ ) + 1
444889 = 4(10° + 10+ 10%) + 8(102+ 10+ D + 1
=4x103%1+10+10%) +8(1+10+10%> +1

2
(10° -1) | _4x10°+4x10° +1_[(2x10° +1)
10-1 9 L 3
In the general case,

=4 x10% +8)

18 | Sequences and Series JEE Main | MATHEMATICS BT



444..4 888...80 = 44...4 88..8 +1
ndigits ndigits  ndigits , gigits

=4x10M1+10+10%+ ...+ 10" ) + 81 + 10+ ... + 10 + 1

=(4><10"+8)L10 1J+1 _4x107" +4x10"+1 _12x10" +1

10-1 9 L 3
(2><10"+1\

andL 3 J is always an integer.

19. Let the angles of a triangle ABC be in A.P. and let b : ¢ = \/3 : /2. Find the angle A.
Soln: A +B+C=180°2B=A+C (A, B, C are in A.P.)
.. 3B =180° or B =60°

b c

Given = % —p . b=kJ3, c=k/2
B
. b c . k\/§ _ k\/§
By the sine rule, snB - snC ° sin60° sinC

. sinC = %
C = 45° and C = 135° is impossible
A =180° - (B + C) = 180° — (60° + 45°) = 75°.

20. Find three numbers a, b, ¢ between 2 and 18 such that (i) their sum is 25 (ii) 2, a, b are consecutive
terms of an A.P. (iii) the numbers b, ¢, 18 are consecutive terms of a G.P.

Soln.:a +b +c¢c =25 ... (D
20 = b + 2 ... (2)
c?=18b e (3)

b+2

:T+b+\/18b:25 —3b +6~2b-48=0

—=b+2V2b-16=0 b +4vV2Vb —2V2p —16=0
—(Jb —2vV2) (b +442)=0 =b=8,a=5,c =12

21. If log,2, log, (2-5) and log, (2" —%) are in arithmetic progression, determine the value of x.

Soln.: 2log, (2" -5) =1log, 2+ log, (2x —%) = (2"-5)= 2(2x —%)
(27 -10x 2" +25=2x2* -7 is a quadratic equation in 2~.
(29)2-12 2°+32=0 = (2'-4)(2°-8)=0 = 2*=4o0r2'=8 — x=20r 3
For x = 2, log, (2* — 5) is not meaningful.
x = 3 is the real solution.

22, The fourth power of the common difference of an arithmetic progression with integer entries is added
to the product of any four consecutive terms of it. Prove that the resulting sum is square of an integer.
Soln.: Let four consecutive terms of the A.P. be a — 3d, a —d, a + d and a + 3d. Common difference is 2d.
Given ¢ — 3d, a — d, a + d and a + 3d are integers. Therefore, 2d is also an integer.
Now, E =(a — 3d) (@ —d) (a + d)a + 3d) + 2d)* = (a?— 9d?) (a®*- d?) + 16d*
=a*— 10d?a? + 9d* + 16d*
E = (a®>- 5d?)?%is an integer (As a — 3d, a + 3d and 2d are integers = a? — 5d? is also an integer)
Thus, E is the square of an integer.
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23- If a =

b=1-a and b >a vnxn,
6 3”
= 7{1—(—4)}<1

_ _é ! l _\n+l 2n-1
= (4)<6:>(3) <2

for n to be even, inequality always holds. For n to be odd, it holds for n > 6

The least natural number for which it holds is 6
(- it holds for every even natural number.)

24. Find the sum to n terms: 2 + 5 + 14 + 41 + ......
Soln.: Since the series is neither an A.P. nor a G.P. thus we will proceed towards its difference series.
Determination of ¢, (n'® term)

S, =2+5+14 +41 + ... +T, +T, ..(1)
Also S, = 2+5+ 14 + ...... +T, +T, +T, ....(i1)
On subtracting (ii) from (i) we get 0 =2+ [3+9+ ... + (n — 1) term] - T,

n-1 n-1
= T,=2+[sum of GP. witha =3, 7 = 3] = 2 + 3(33 1‘1) 22436 - )

1 1
=E[4+3 —3]=E[3 +1]

1
n term T, = S+ 31
Determination of S, = 3T

n

387D

1 n
+_ —_
2 3-2 2

1 Ly 7
S,= 3T, = ;%1+ ;38 =2
S =243 3o

T2 4 ’

n

3
+=3" -1
4( )

25. Find the sum of the series: 2 + 4 + 7 + 11 + 16 + ... upto n terms.
Soln.: Since the terms of the given series are neither in A.P. nor in G.P., so we will proceed as in the
case of difference series.
Determination of n™ term T,
S=2+4+7+11+16+..T, +T,
S= 2+4+7+11+..T, ,+T, +T,
On subtraction, we get 0 =2+ [2+3+4+5+... +T -T, ,1-T

n n

1 1
Tn=1+[1+2+...nterm]=1+E(n+1)(n)=1+En2+%
1
Tn=1+5n2+%

Summation of Series

La@+D@n+1) 1 n@+1) _ n(n® +3n +8)
2 6 27 2 6

Sn=ZTn=Zl+Z% 4 Xl =
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26.1fS,,S,, S,, .... are the sums of n terms of A.P.’s whose first terms are 1, 2, 3... and common differences

are 1, 3, 5, ... respectively, show that S; + S, + ... S, = 5 mn (mn + 1).

Soln.: S, = %[2a +(n -1 dl.

S,=Jl2r+m-1@ -1 =8 =n¥r-2n-1

m m m 1 _1
S+ 8448, = 28 = Yatr= Y Be-n = 2 MEED D My

r=1 r=1 r=1

1
27. Show that the sum of the product of first n natural numbers, taken two at a time, is equal to 22 nn+1)
(n-1) (3n +2).
Soln.: S=(1-2+1-3+..+1.0)+(2-3+2.4+..+..(n-1) -n.ie. S= 2,2 G-))
j=ii=1
i<j

Weknow that (1 +2+ ...+ n)?=12+2%+ .. +n?+ 2> > ij.
j=li=1

n
i<

<

iii.j = %[(1+2 + ..o+ n)?-(12+ 22+ .+ n?)
j i=1

1 n’m+1)’ n@+1)2n+1)
2 4 6

r S=21—4n(n+1)[3n(n+1)—2(2n+1)]

1
S = an(n+1) (n—-1) 3n + 2).

28. Sum to infinite terms: 1.2 + 2.83x + 3.4x? + ..o (| x | < 1).
Soln.: This is a special case of difference series.
In such case for S, = p, + px + px? + ... + p x"
We multiply the series by x, and then subtract the two series. The step is applied repeatively on the
resultant series till we get some constant series, A.P. a G.P. for which sum can be determined easily.
S =2+ 6x + 12¢2 + 20x% + ..xS = 2¢ + 6x% + 1222 + ...
On subtraction we get; (1 —x)S = 2 + 4x + 6x% + 8 + ... (D
Again multiplying by x we get (1 — x) xS = 2x + 4x2 + 6x® + ... ..(2)
On subtraction of (2) from (1) we get; (1 —x)2S =2 + 2¢ + 202 + ... = 2 + 2(x + x% + ...)
G.P. with |x|< 1

2x (sum of G.P. of infinite term)

= (1-x3S =2+
1-x

_ 2
Ca-»
29.The sum of an infinite geometric series is 2 and the sum of the geometric series made from the cubes
of this infinite series is 24. Then, find the series.

Soln.: Given a G.P. whose sum of infinite terms is 2. Also, the sum of the G.P. having the cubes of the
terms of the original series is 24.

a

S_ (sum of infinite terms of G.P.) = T Where a is first term and r is common ratio.
—-r
Let the original G.P. be a, ar, ar?, ... (1)
The new cubic series is a2, a®r3, a3r, ... .(2)

= 2 (given)

—-r

S_ for (1) is " a
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3 -7 1
= 24 (given) .. —— = —
= & i-r 3

1-2r+r2=301+r+1r% or 2r2+5r+2=0 .. r=-2or-1/2
Since |r| <1 = r=-1/2

and S_ for (2) is

Putting this value we get a = 3, .. Seriesis 3 _3 +3 _3

2 4 8

30. The sum of three numbers in G.P. is 14. If the first two terms are each increased by 1 and the third term
decreased by 1, the resulting numbers are in A.P. Find the numbers.
Soln.: Given that sum of three numbers in G.P. is 14. Also when the first two numbers increased by
1 and last term is decreased by 1, an A.P. is formed.
When required the three terms in G.P. has to be taken a, ar, ar?.
Given that a +ar +ar’=14 = a(l +r +r?) =14 (D)
Alsoa + 1, ar + 1, ar? — 1 forms an A.P.
so2ar+1)=a+1+ar>-1=a + ar?
2ar + 1) +ar=a +ar + ar’? = 14  (from (1))
= 3ar+2=14 = ar=4 .(2)
= a=4/r
Substituting in (1) we get; 2r>2 —5r + 2 =0 = r = 2, 1/2
We get the G.P. as 2, 4, 8 or 8, 4, 2.

31.If a, b, ¢ are in G.P., then show that the equations ax? + 2bx + ¢ = 0 and dx? + 2ex + f = 0 have

. e f .
a common root if —, 5. arein AP
a c

Soln.: Since a, b, ¢ are in G.P.
— b2=ac= b= ac
Since a, b, ¢ are in G.P.

Substituting in ax? + 2bx + ¢ = 0 we get; ax® + 2Wacx+c= 0

2
= (\/a_x+\/z) =0 = x= —Jeha is only root.

Since two equations have a common root

Thus x = —£ must be the root of dx? + 2ex + f= 0
a

JeY (e, de e
= d[_ﬁ] +2e[$]+f—0 = 2\/2 S =0

d 2e f d f 2e
=5 ———F—+==0 = —+&==—

a +ac ¢ a c b

i,f,i are in A.P.

a b ¢

32. Show that if the lengths of sides of a right angles triangle are in A.P., then their ratiois 3 : 4 : 5.
Soln.: Given a right angle A whose sides are in A.P.

When required we take the three terms in A.P. as a — d, a, a + d.

Let a — d, a, a + d are the three sides of the given right angled triangle.

= a + d must be the hypotenuse.

Now by Pythagoras theorem, (@ + d)? = a? + (a — d)?

= a?+d?+2ad =a’+a?>+d?-2ad = a’=4ad = d = ald

So three sides are a — a/4 = 3a/4, a/4 and 5a/4

Their ratio is 3 : 4 : 5.
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33. The sum of four numbers in A.P. is 48 and the ratio of the product of the extremes to the product
of the means is 27 : 35. Find A.P.?

Soln.: Given an A.P. of four terms whose sum of terms is 48. Also ratio of product of first and last term
to the product of means is 27 : 35.

We know that sum of n terms of AP., S, = %(2a + (n — Dd)

Also, when required we take the four terms of an A.P. asa - 3d,a - d, a + d, a + 3d.
Given that sumis 48 = a-3d +a-d+a+d+a+3d=4a =48 = a = 12
<o (a —3d)a+3d) 27
* (a-d)a+d) 35
last term is third term)

2 _ 2 27
2 _ 21 or 350?85 x 9 d? = 27a% — 27d°
a” —d 35

— 8a? = (35 x 9 — 27) d2 = 288 d?

(:» Mean of first and third term is second term and that of second and

8
= J——a=+N4=12 . d==
d 288a d = +2

We get the progression as either 6, 10, 14, 18 or 18, 14, 10, 6.
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a, b, ¢ are three distinct real numbers, which
are in G.P. and a + b + ¢ = xb. Then

(@x<-lorx>3 (b -1<x<3
() -1<x<2 dO0o<x<1
4 44 444 ,

Let S = E+W+1_93+ ----- ©. Then S is equal
to

38 4
(a) 81 (b) 19

36
(c) 11 (d) none of these

If a be a positive real number and A.M of a
and 2a exceeded the G.M. by 2, then a is
equal to

(a) 3(4++2)
(c) 4(3+24/2)

(b) 3+242
d) 4+2V2

8
If 1, logs(3* + 48) and 10g9(3x—§j are in

A.P., then x is equal to
(a) 1 (b) 2
() 9 (d) 3

If 10g21/2 a+ 10g21/4 a+ logzm a+ 1Og21/8 a+... upto
20 terms is 840, then a is equal to

(a) 2 (b) 1
(c) 4 d) 2

The number of divisors of 72, 2025 and 1568
are in

(a) A.P.
(c) A.G.P.
The sum to infinity of the series

(b) G.P
(d) none of these

1 1\ .
1+2[1-=[+3]|1-—]| +..... where n € N, is

n n
given by
132
(a) n(n - 1) (b) n(l——j
n
n-1 2
(¢) n2 (d) ( j
n

If a4, ay, ag (with a; > 0) are in G.P. with
common ratio r, then the value of r with which
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EXERCISE

10.

11.

12,

13.

14.

the inequality 9a; + 5a; > 14a, holds, cannot
lie in the interval

(a) [1, ﬂ (b) (o, 0)

5 9
2 12
(c) [9,1} (d) [ ,5}

If aq, as, as, ay and b are real numbers such
that (af + a2 + a2)b? — 2(a,a, + agas + azay)b +
(a2 +a2+a?) <0, then ay,ay, as, a, are

(a) in A.P.

(b) in G.P.

(¢c) inA.G.P.

(d) suchthat(a;+as) (@s—ay) =(a;+as)(@s—a,)

If a, b, ¢ are positive numbers in A.P., such
that their product is 64, then the minimum
value of b equal to

(a) 2 (b) 4
(¢) 1 (d) does not exist
Ifay, as, as, ...., a, are n distinct odd numbers

not divisible by any prime greater than 5,

then l+l+ ..... +i

[25] ap a,
(a) <1 b)) =1
() =2 (d <2

If sin 6, cos 0, tan 0 are in G.P., then
cot®0 — cot?0 =
(a) 0
(c) 4

() 1
(d) 2

The sum to n terms of the series

i+ > + 7 + is equal to
12 12422 12422432 77
3n b 6n
(@) n+1 (b) n+1
In d 12n
©) n+1 @ n+1
QU4 418, gU16 16132 | is equal to
(a) 1 (b) 2
(c) 3/2 (d) 5/2
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15.

16.

17.

18.

19.

20.

21.

22,

21

If zﬂj =693, where a4, aq, ..., ay; arein A.P.,
=1
10
then Y a1 is equal to

i=0
(b) 396

(a) 361
(c) 363 (d) data is insufficient

If the ratio of the sums of m and n terms of
an A.P. is m? : n2, then the ratio of its mt and
n'® terms is given by
(@2m+1:2n+1
(c)m:n

b)2m-1:2n-1
dm-1:n-1

The natural numbers are grouped as follows:
S, =1{1},8,=12,3,4},S;=15,6,7,8, 9}, ...,
then the first element of Sy; is

(a) 391 (b) 399

(c) 401 (d) 442

Three numbers, the third of which being 12,
form a decreasing G.P. If the third term were
9 instead of 12, the three numbers would have
formed an A.P. Then the common ratio of the
original G.P., is

(a) (b)

gl w3 | w
Tk WIN

(c) (d)

The sum of the series

1.n+2. n-1D+3- n-2)+....+n-1=

(a) n(n+1)6(2n+1) b) n(n+12(n+2)
D2n+1

© n(n+1;(n+2) @ w

If 21(x2 + y2 + 22) = (x + 2y + 42)%, then «, y, 2
are in

(a) A.P.
(¢) A.G.P.

(b) G.P.
(d) none of these

The sum of the series
2 5 10 17

o 24— 22 -
1.2 2.3 3.4 4.5 to n terms is
(a) 1 2n+1 (b) n+l on+l
n+1 n
n n+1
(© -~ 7% (d) ——2"
n+1 n

The valueof (n —2)2 + (n —4)2 + (n — 6)% + ....
to n terms is

JEE Main | MATHEMATICS EQ]

23.

24.

25.

26.

27.

28.

29.

n n
(a) 3 (n? + 2) (b) 5 (n% + 3)

o2 _ e _
(c) 3(n 2) (d) 2(n 3)

Three non-zero real numbers form an A.P.
and the square of the numbers taken in the
same order constitute a G.P. Then the number
of all possible common ratios of the G.P. are

(a) 1 (b) 2
(c) 3 d) 4

Ifx1 —x13 4 211 —x% +x7 — x5 + 43 —x =7, then
(a) x1¢ is equal to 15

(b) x1¢ is less than 15

(c) x1%1is greater than 15

(d) nothing can be said regarding the value of
x16

The 6% term of an A.P. is 18 and the 9* term
is 12. The 15% term is equal to

(a) 0 (b) 1
(c) 2 (d) 3

The arithmetic mean of two numbers is 3
times their geometric mean and the sum of
the squares of the two numbers is 34. The
two numbers are

(@) 24/3++/5,24/3-/5 (b) 3+24/2,3-22
(¢) V10 ++/7,10 =+/7 (d) none of these

Four geometric means are inserted between
the numbers 2™ — 1 and 2! + 1. The product
of these geometric means is

(a) 2" - 2% + 1 (b) 2% — 2% + 1
() 22 -2" + 1 (d) 22 — 212 + 1,

Let ¢, denotes the 7P term of an A.P. Also

1 1
suppose that ¢, = and ¢, = (m#n), for

some positive integers m and n, then which
of the following is necessarily a root of the
equation (I + m — 2n)x*> + (m + n — 20)x
+(n+1-2m)=0
(a) tn

(C) tm+n

(b) tm
(d) tmn

The sum of the A.M. and G.M. of two positive
numbers is equal to the difference between
the numbers. The numbers are in the ratio

(a)1:3 (b)1:6
() 9:1 (d1:12
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30.

31.

32.

33.

34.

35.

36.

37.

38.

(2n + 1) G.M.’s are inserted between 4 and
2916. Then the (n + 1) G.M. is equal to

(a) 36 (b) 54

(c) 108 (d) 324

The sum of all integers of the form n? which
lie between 100 and 10000 is

(a) 53361 (b) 53261
(c) 53214 (d) 53321

If g,, g, are two geometric means, and a; is
the arithmetic mean between two positive

2 .2
numbers, then the value of 31,82 g

82 &1

(a) 2a, (b) a;
(0 & (d) 3a,

2
If x, y, z are in A.P., then

1 1 1 are in
Jy+32" Nz 4" Jx+\fy
(a) A.P. (b) G.P.
(c) A.G.P. (d) no definite sequence

If the nt* term of an A.P. is 5n2 + 6n and rt®
term is 401, then the value of r is

(a) 40 (b) 30
(c) 20 (d) 10
1 n n
IfA, =| 2r  n?+n+1  n?’+n | and
2r—1 n? n2+n+1

D> A, =90, then the value of n is

r=1
(b) 10

(a) 9
(c) 6 (d) 8

The eighth term of an A.P., whose sum upto
n terms is 2n? + n, is

(a) 136
(c) 78

(b) 31
(d) 80

If @ term of an infinite geometric series is
thrice the sum of all the terms that follows it,
then the common ratio is

(a) (b)

== Wk
WIN N =

(c) (d)

The maximum value of the sum of the A.P.
50, 48, 46, 44, ..., is
(a) 325
(c) 650

(b) 648
(d) 652
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39.

40.

41.

42.

43.

44.

45.

46.

The sum of the first hundred terms of an
A.P. is x and the sum of the hundred terms
starting from the third term is y. Then the
common difference, is

y-x y=x
(a) > (b) 50

y—x y—x
(c) 100 (d) 200

The sum of the integers lying between 1 and
100 (both inclusive) and divisible by 3, 5, or
7, 1s

(a) 2838
(c) 2738

(b) 3468
(d) 3368

The value of the expression
1 1 1 1

+ + ot
221 421 6%-1 202 -1

is

11 10
(a) 21 (b) bS]
10 2
(c) Ty (d) N

The sum of 20 terms of the series
1+(1+3)+A+3+5)+A+3+5+7)+....1s

(a) 400 (b) 2870

(c) 5740 (d) 1540
If1.3+3:32+5.3+7.3+ ... upto n
terms is equal to 3 + (n — 1) - 3, then b =
(@) n (b) n -1

(¢) 2n -1 dn+1

Letp,q,r € R and 27 pgr > (p + g + r)® and
3p + 4q + 5r = 12 then p3 + ¢* + r® is equal to
(a) 3 (b) 6

(c) 2 (d) none of these

If log2, log(2* — 1) and log(2* + 3) are in A.P.,
then the value of x is

(a) 5/2
(c) logsb

(b) log,5
(d) logs3

The sum of the first n terms of the series
12 +2.22 + 324+ 2.42 +52 +2.6%2 + ... 1s

2
M, when n is even. When n is odd, the

sum is
(@) n?(n+1) ) n(n+1)(2n+1)
2 6
n(n +1)? n?(n+1)>
(c) BT (d) — Y

JEE Main | MATHEMATICS BT



47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

The minimum value of &sin®/8) | geos(x/8) jg

‘ =

& 3442
(a) 2 Jf (b) 2
B2 32
(c) 2 V2 (d) 2 V2

The A.M. of the roots of a quadratic equation
is A and G.M. of its roots is G. The quadratic
equation is

@x>+Ax + G =00 x*+24x + G* =0
) x> —Ax + G =0 () x*-24x + G> =0

Let S be the sum, P be the product and R be
the sum of reciprocal of n terms of a G.P.
Then

(@ R=S P (b)R =S - P
(C)S=R_P1/n (d)S=RP2/n

The ratio of the sum of first 3 terms to the
sum of first 6 terms of a G.P. is 125 : 152. The
common ratio of the G.P. is

2 3 3 2
(a) 3 (b) 2 (c) 3 (d)5
The sum to 20 terms of the series
1x32+2x52+3x 7%+ ... , is

(a) 18800 (b) 188010
(c) 188020 (d) 188090
£+13+23 13+23+33+ t0 16 ¢ ~
1143 14345 ospterms=
(a) 420 (b) 416 (c) 436 (d)446
The sum of the first n terms of the series
1 3 7 15

+ -+ =+ is
2 4 8 16
@a2"-n+1 b)1-2T"
e)n-1+2T" d 2" -1

If a, b, ¢, d and p are distinct real numbers
such that (a® + b + ¢?) p% — 2(ab + bc + cd)p
+b%2+c®+d?<0.Then a, b, c, d are

(a) in A.P. (b) in G.P.

(c) in A.G.P. (d) satisfy ab = cd

If the function f satisfies the relation
[ +y)=f () - f(y) for all natural numbers

x,y, f()=2and D, fla+r) =16 (2" - 1),
r=1

then the natural number a, is

(a) 2 (b) 3 (c) 4 (d)5

Let x be the arithmetic mean and y, z be the
two geometrical means between any two

3 3
positive numbers. The value of y +z is
xyz
(a) 1 (b) 2 () 3 (d)4
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57.

58.

59.

60.

61.

62.

63.

64.

65.

Let T, be the r'* term of an A.P. for r = 1, 2,
3,.....If for some positive integers m and n we

1 1
have T, = — and T, = —, then T, =
n m
1 1 1
(a) — (b) —+—
mn m n
() 1 (d) 0

Let the positive numbers a, b, ¢, d be in A.P.
1 1 1 1

Then %, —abd, m, w are 1n

(a) A.P. (b) G.P.

(c) A.G.P. (d) none of these

If x and y are positive real numbers and

m, n are positive integers, then the minimum

m_n
Xy

value of is

(1 + x2m)(1 + y2n)

1

(a) 2 (b) 1
(© = @ 1
@5
12 -23 43343 4+ ... + 9 =
(a) 425 (b) — 425
(c) 475 (d) — 475
113-103 + 92— 83 + 73 -6+ 5% - 4% + 33 —

23 4+ 18 =

(a) 756 (b) 724
(c) 648 (d) 812

bc b+c b-c 1 111
Wog =ava ™ 3(a_d)’the“ v d
are in
(a) A.P. (b) G.P
(c) A.G.P. (d) none of these

If S,, S,, S, are the sums of n, 2n, 3n terms
respectively of an A.P., then S,/(S, - S)) =
(a) 1 (b) 2
(c) 3 d) 4

The sum of four numbers in A.P. is 48, and
the product of the extremes is to the product
of the two middle terms as 27 : 35. The largest
term of the A.P. is

(a) 10 (b) 12
(c) 14 (d) 18
Ifa,, ay, ...., a,,, are in A.P., with common
% d
i tan”! —— =
difference d, then Z an o

r=1 r%r+1
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66.

67.

68.

69.

70.

71.

72.

1
(a) tan”! (b) tan_IM
+aa,, T a4, 4
(c) tan™' n-Dd (@) tan”' (n+Dd
T —

The A.M. between m and n and the G.M.

between a and b are each equal to ma + nb
m+n
Then m =
b
(a) i (b) Ja
Ja b Ja b
2a~b 2
@ 2ol @ 2V
Ja+ b Ja+ b

28 is divided into 4 parts which are in A.P.
The ratio of the product of the first and third
to the product of the second and fourth is
8 : 15. The largest part is
(a) 6 (b) 8
(c) 10 (d) 12

If 2,7, 9, 5 are subtracted respectively from
four numbers forming a G.P., the resulting
numbers are in A.P., then the smallest of the
four numbers is

(a) 24 (b) -12
(c) 6 d 3
The sum of the infinite series
5 55 555 .
— =+ +.. is
13 132 13}
(a) 2 b &
18 32
(© & @ 2
36 36
If Lb,b,bl are in A.P. then l, b, 1 are
1-—ab 1-bc a c
in
(a) A.P. (b) G.P.
(c) A.G.P. (d) none of these
The coefficient of x® in the polynomial
-1 x-2) (x-=3)...... (x — 10) is
(a) 1025 (b) 1240
(c) 1320 (d) 1440
Ifa +c#b and l+l+ ! + ! = 0 then
a ¢ a-b c-
111
o 5 o arein
(a) A.P. (b) G.P.
(c) H.P. (d) none of these
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73.

74.

75.

76.

71.

78.

79.

80.

Sum to 10 terms of the series

1+ 2(1.1) + 3(1.1)? + 4(1.1)% +..., is
(a) 85. 12 (b) 92.5

(c) 96. 75 (d) none of these

The sum of the first 10 terms common to the
series 17, 21, 25, ... and 16, 21, 26, ... is
(a) 1100 (b) 1010

(c) 1110 (d) 1200

IfS,, S,, S,,...., S, are the sums of infinite
geometric series whose first terms are 1, 2, 3,

. 111 1
..... , n and common ratios —,—,—,.,—,
234 n+1

then S; + S, + S;+ ... + S, =
() n(n+1) ®) (n+1)(n+3)

2 2
() 21 +2) (@ "3

2 2

If a, b, ¢, d are in G.P., then
b-clP+c—-al+®B-d?=
(a) (c + d)? (®) (c — d)?
(¢) (a + d)? (d) (a — d)?

If a, b, ¢, d are in G.P., then
(@ +b°+A)b° +F+dY)
(ab + be + cd)? -

(a) 1
(c) 3

If m + D™, (n + D™, (r + 1) terms of the A
1
m b

(b) 2
(d) none of these

.P.
. . 11
a,a+d,a+2d,..... are in G.P. while e

are in A.P., then 4 =
a
1 1
(a) — (b) ——
n

(d)

NS

(@ -2
n

There are m A.Ms between 1 and 31. If the
ratio of the 7 and (m — 1)*» means is 5 : 9,
then m =
(a) 10
(c) 14

(b) 12
(d) 16

If one G.M. is g and two A.M.s are p and g,
are inserted between two numbers a¢ and b,

Cp-9(p-29)
n =

the 5
(a) 1 (b) -1
(c) 2 (d) -3
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81. Ifx=111....1(20digits), y =333...3 (10 digits)

2

and z = 222....2 (10 digits), then

(a) 1 (b) 2
1
(c) 5 (d 3
82. The sum of the infinite A.G.P. 3, 4, 4...., is
(a) 27 (b) 30
(c) 24 (d) 25

83. In a geometric progression consisting of
positive terms, each term equals the sum of

the next two terms. The common ratio of the

G.P., is

(a) g (b) 5
J5-1 1-5

() = (d) —=

Assertion & Reason

Directions: Each of these questions contains
Statement-1 (Assertion) and Statement-2 (Reason).
Each question has four choices. You have to select
the correct choice.

(a) if both statement-1 and statement-2 are true
and statement-2 is the correct explanation of
statement-1.

if both statement-1 and statement-2 are true
but statement-2 is not the correct explanation
of statement-1.

if statement-1is true but statement-2 is false.
if statement-1 is false and statement-2 is true.

()

(c)
(d)

1. Statement-1:Ifthe angles of a convex polygon
are in A.P., 120°, 125° 130°, ..., then it has 16
sides.

Statement-2 : The sum of the angles of a
polygon of n sides is (n — 2)180°.

2. Statement-1 If the infinite A.G.P.

L, V3, 2, x, has a finite sum, then x = 2

Statement-2 : The infinite A.G.P. a, (a + d)r,
(a + 2d)r?, ... has a finite sum only if |r | < 1.

3. Statement-1: There doesn’t exist an A.P. whose
three terms are v2, v/3, /5.

Statement-2 : There exists distinct real
numbers /, m, n such that

V2=a+(-D)d,\B=a+(m-1dand 5 =a+(n-1)d.
4. Statement-1:If (1> —a)) + (22 —a,) + ... +
1
(n?-a,) =§n(n2 —1), thent, =n +1.

Statement-2:1> +2° +........ +n' = w

10.

11.

12.

13.

Statement-1 : If three positive numbers in G.P.
represent the sides of a triangle then the
common ratio of the G.P. must lie between

J5-1 J5+1
and .
2 2
Statement-2 : Three positive numbers can form
sides of a triangle if sum of any two sides is

greater than the third side.

Statement-1 : If sum of n terms of two
arithmetic progressions are in the ratio
(3n + 8) : (7n +15), then ratio of their n** terms
is 3 : 16.

Statement-2 : If S, is quadratic expression,
thent, =S, - S, ;.

Statement-1:Ifa, b, ¢ are distinct positive real
numbers such that a? + b? + ¢? = 1, then Zab = 2.
Statement-2 : A M. > G.M.

Statement-1:If S, denotes the sum of n terms

n(n+1)(n+2)

of a series given by S, = Vn>1,

L w1
then hmZ—=4.

N
n—ow 1 tr

Statement-2:¢, =S, - S, .

1 2n
Statement-1 : For neN,(n!)’ <n’ (%) )

Statement-2 : n > 6,(§j <nl< (%j .

Statement-1 : If the sum of n terms of a series
is 2n2 + 3n + 1, then series is in A.P. with
common difference 4.

Statement-2 : If sum of n terms of an A.P. is
quadratic expression, then common difference
is twice of the coefficient of quadratic term.

Statement-1 : Let 2/4.418.8116.161/32 o = 27
then the value of x is equal to 1.
Statement-2 : The sum of series
1 2 3
—+ =4
4 8
Statement-1 : There exist an A.P. with three
terms /2,4/3,/5 -
Statement-2 : There exist three distinct real
numbers a, b, ¢ such that 2 = A+ (a-1)d,

B=A+bB-Dd,J5=4+(c-1d.

Statement-1 : If all the terms of a series with
positive terms are less than 1078, then sum of
the infinite terms of the series is finite quantity.

+—+.....00 is equal to 1.

Statement-2 : If §, < %, then limiting value

of S, for n—eo is not a finite quantity.

JEE Main | MATHEMATICS EQ]
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2: QUESTIONS FROM PREVIOUS YEARS AIEEE/JEE MAIN -
1. 13-25+3%_ 45+ .. + 9 equals 9. Let T‘r ]o‘e,thedrl”h term of(:'1 Efl‘fl‘l AP. vilh(;lseﬁf‘i;st
(@) 425 (b) 400 term is ‘@’ and common difference is d. or
(c) 405 (d 395 (2002) some positive integers m, n, m #n, T, = l,
n
2. Sum of infinite terms of G.P is 20 and sum of 1
their squares is 100, then common ratio of G.P. T, = m’ then a — d equals
is 1
3 (a) — (b) 1
(a) 5 (b) 3 mn
1 1
8 1 () 0 d) —+— (2004)
(©) 3 (d) 3 (2002) mn
10. The sum of n terms of the series (when n is
1 11 1
8. The value of 24 . 48 816 . 1632 o equals even) 124+ 2.224+4 324242+ 5%+ ..., is nn+ 1) D’ .
2
(a) 1 (b) 2 If n is odd, then sum will be
3
- d) 4 2002 2 2
(c) > (d) ( ) (@) n(n;— 1) ) " (nz+ 1)
4. Fifth term of G.P. is 2, then the product of its 3+ 1 ) e
nine term is (c) % (d) n(n+l) (2004)
(a) 256 (b) 512
(c) 1024 (d) none of these 11. If x= § a', y= § b", z= § c" wherea, b, ¢ are
(2002) n=0 n=0 n=0
in AP.and |a| <1, |b]| <1, |¢| <1, then
5. Let f(x) be a polynomial function of second %, y, z are in
degree. If f(1) = f(-1) and a, b, ¢ € A.P. then N
/ / / . (a) H.P.
(@), f'b), f'(c) are in b Arithmetic.G ) )
(a) G.P. (b) H.P. (b) Arithmetic-Geometric progression
(c) AG.P. (d) AP. 2003) | (© AP @) G.P. (2005)
) 1 1 1 . | 12. If in a AABC, the altitudes from the vertices
6. Sum of the series 12 23 3477 18 A, B, C on opposite sides are in H.P., then
equal to sinA, sinB, sinC are in
(a) log,2 — 1 (b) log,2 (a) H.P.
(c) log,(4/e) (d) 2 log,2 (2003) (b) Arithmetic-Geometric progression
7. The real number x when added to its inverse (c) AP. (d) G.P. (2005)
gives the minimum value of the sum at x 13. Let a.. av. @ be terms of an A.P. If
equal to b T ”‘2 o
a+a,+..+a, p a,
(a) 1 (b) -1 ———————F="5, p#q, then equals
a+a,+..+a, ¢ 3
(c) -2 (d) 2 (2003) (@) 41/11 b 7/2
8. Ifa,, a, ay ..., a, € G.P., then the value of a
the determinant (c) 2/7 (d) 11/41 (2006)
loga, loga,,, loga,,, 14. If a4, ay, ..., a, are in H.P., then the expression
A = |loga,,; loga,,, loga,,s| equals a0y + ayag + ... + @, ja, is equal to
loga,,s loga,,; loga,. (a) na; — a,) (b) (n — Dla, — a,)
(a) 2 () 1 (¢) naja, (d) (n — Daqa,
() 0 (d) -2 (2004) (2006)
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15.

16.

17.

18.

19.

20.

In a geometric progression consisting of positive
terms, each term equals the sum of the next two
terms. Then the common ratio of this progression
is equals

@ 5
© %(1—6)

1
(b) 5(@—1)

) %\E . (2007)

The first two terms of a Geometric progression
add up to 12. The sum of the third & fourth terms
is 48. If the terms of G.P. are alternatively
positive & negative then the first term is

(a) 4 (b) —12
() 12 (d -4 (2008)
The sum to infinity of the series
2 6 10 14 .
1+ 3 + 3 + 3 + 3 + o 1S
(a) 3 (b) 4
(c) 6 (d 2 (2009)

A person is to count 4500 currency notes. Let a,,
denote the number of notes he counts in the ntt
minute. If a; = a3 = ... = a5y = 150 and a4, a1,
.... are in an A.P. with common difference -2,
then the time taken by him to count all notes
is

(a) 24 minutes
(c) 125 minutes

(b) 34 minutes
(d) 135 minutes
(2010)

A man saves ¥ 200 in each of the first three
months of his service. In each of the subsequent
months his saving increases by ¥ 40 more than
the saving of immediately previous month. His
total saving from the start of service will be
3 11040 after

(a) 20 months (b) 21 months

(c) 18 months (d) 19 months (2011)

Statement 1 : The sum of the series 1 + (1 + 2
+4)+4+6+9)+9+12+16) + ... + (361 +
380 + 400) is 8000.
(k° = (k-1)% =n’, for any
k=1

natural number 7.

(a) Statement 1 is true, Statement 2 is true;
Statement 2 is not a correct explanation for
Statement 1.

(b) Statement 1 is true, Statement 2 is false.

Statement 2 :

©00O
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21.

22,

23.

24,

25.

26.

(c) Statement 1 is false, Statement 2 is true.

(d) Statement 1 is true, Statement 2 is true;
Statement 2 is a correct explanation for
Statement 1. (2012)

If 100 times the 100" term of an A.P. with non-
zero common difference equals the 50 times its
50t term, then the 150t term of this A.P. is
(a) 150 (b) zero

(¢) —150

(d) 150 times its 50" term (2012)

The sum of first 20 terms of the sequence
0.7,0.77, 0.7717, ..., is

7 -20 7 -20
(@) §(99—10 ) (b) ﬁ(179+10 )

() Z(99 +10720)

9 d

7 120
31 179-10""")
(JEE Main 2013)

Three positive numbers form an increasing
G.P. If the middle term in this G.P. is doubled,
the new numbers are in A.P. Then the common
ratio of the G.P. is

(a) 3+42 (b) 2-+/3
() 2++3 d 2+3
(JEE Main 2014)

If (10)° + 2(11)' (10)® + 3(11)? (10)" + ... + 10(11)°
= k(10)°, then % is equal to
441

(a) 100 (b) 100
121
(¢) 110 d) 100
(JEE Main 2014)

The sum of first 9 terms of the series

18 17428 13423433 i

1 * 1+3 1+3+5
(a) 142 (b) 192
0 7 d) 96

(JEE Main 2015)

If m is A.M. of two distinct real numbers ! and
n(l,n >1)and G,, G, and G, are three geometric
means between / and n, then Gf +2G§L +G§L
equals

(@) 4 Imn? (b) 4Pm®n?
(¢) 4 ’mn @ 4Im?n
(JEE Main 2015)
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HINTS & SOLUTIONS

Multiple Choice Questions

1.

(@) :a + b + ¢ = xb. Divide by b, §+1+%=x

1
oot 1 +r =x, r is the common ratio of the

G.P.

rP+r(l-x)+1=0,ris real,
Discriminant > 0
(1-x2-4>0=>x2-2x+1-4>0
>x2-2x-3>0=>@+1D)x-3)>0

=>x<-lorx>3

@:S 4 N 44 +444 |
a):5= ot g tigs tee® e ()
S 4 44

— =t ——t ...©
19 192 193
Subtracting (2) from (1), we get
18 4 40 400
S—=—t—+—
19 19 192 193

4 10 (10)2 4 1 4
= —|1+—+|—=] +.... =—|—=x|==
119|719 \19 19|, 10| o9

1
76 38 19
= 8§=2_2°
162 81
(c) : 4 +22a =202 + 2 = (3a - 4)? = (24J2a)?

:%:ﬁa+2:a2-24a+16=0
:a=4(3i2J§)

(b) : The three numbers are logy9, logg. (3* + 48)
and logg (3’“ —§j,
3

. 1 8 .
i.e. logy9, 5 logy(3* + 48), 10g9(3x —gj arein A.P.

172
= {(3x+48)2} =9(3X—§j = 8.8 =172
=3F=9=x=2.

(c) : Expression

= 2log,a + 4logsa + 6logsa + ..... + 40log,a

20
=logsa {2 + 4 + .... + 40} = > (4 + 38) logsa
=420 log,a = 840 = logya = 2 = a = 4.
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10.

11.

(a) : 72 = 2% x 3% number of divisors of 72 are 12
2025 = 3* x 5% number of divisors of 2025 are 15
1568 = 25 x 72; number of divisors of 1568 are 18
Now 12, 15, 18 are in A.P.

1 1)?
(c) : Let S = 1+2(1——j+3(1——j + e (D

n n

(Y1 )i e

2
(1) — (2) gives §=1+(1—1j+(1—1j + .00
n n n
1
= —1271 :}S = n2
1-(1-)

n
(d) : Given a; > 0 and a4, as, a; are in G.P.
such that ay = a;r and a3 = a,r2

- 9a; + bas > 14ay, = 9a; + 5ar? > 14a,r and
since a; > 0

weget 9 +5r2>14r =>5r2-14r + 9> 0

=>0GBr-9r-1)>0=>r¢ [1,%}

(b) : The given condition
= (alb — 02)2 + (agb — a3)2 + (a3b — a4)2 <0
= only the equality holds goods

= a1b=a2, agb=a3, a3b=a4
Ay a3 04

= b= 2=2=t
4 a4y a3

= a,, aq, a3, a4 are in G.P.

(b) : Given a + ¢ = 2b.
Also %szg’mb =364 =4

3b
:>? >4 =b>4 = minimum b = 4
(d) : We observe that all the terms of
i+i+,,,+i are contained in
a; Q a,

1

(1+++ ..... j(1+++ ..... j

3 32 5 52
:>l+l+ ..... +l<(i\(—\=§2<2

a; dp y Ll_ljtl_lj 2 4

3 5
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12,

13.

14.

15.

16.

sin? 0

(b) : Given: cos?0 = sin 0 tan 0 =
cos0

= co0s°0 = sin?0 (D
_1
sinZ 0

1 cosze_l—cosze_1

(1) = cos®0 = sin%® = cot®0 =

£0 — cot20 = B
= o co sin20 sin20 sin20

3.5 7 +...

12 12422 124922132

p @2n+1) _ 6@2n+1) _ 6
T124224324 40?2 nn+D@2n+1) nn+l)

=6 w}:f{l_i}
| n(n+1) n n+l

Sn=t1+t2+...

(b):S, =

+1,

2l

1-——|+| == |+| === |[+...+]| ——

L 2 2 3 3 4 n n+l

1 }—6 (n+1)-1| 6n
n+1 (n+1) n+l’

(b) : S = V4. 48 8116 16132
— QU4 928 9316 Q4/32

Il
[*)

1l

[«
T

—_

= 21/4+2/8+3/16+4/32 = 2x
h 1,2,2,2 (1)
where x = 4 8 16 32
£—1+1+i+_ (2)
~ 2788 32 o4 :
Doy St L 1,4
D-@ =573 """ 11
2

=>x=1=>8=2

21 21
(¢): Zuj =693=?(a1 +a31) . aq + agy = 66

j=1
N =AM. = 0% =33
oW, 11 = A. M. = 21 =

NOW, Qo + A9y = Q3 + Q19 = ...

=Qg + Q13 =00 + Q12
10

L) iy =5 x (ay + ag) +a;; =5 x 66 + 33
i=0

= 363

(b) : Let S, be the sum of r terms of the given

2
AP.ie, Sm_"
S, n?
Srﬂ S]’l
22 A (say)

If T, is the rt" term, then T, =S,, — S,, _1
= T, =AMm?-(m-1)%) = M2m —1). Similarly
T,=M2n —1)

T,:T,=2m—-1:2n -1
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17.

18.

19.

20.

21.

22,

23.

(¢) : The given groups of numbers can be
arranged as

1 - S,
— S,
— S3
............................................ etc.,

Number of terms upto Syo=1+3 +5 + ...... to
20
20 terms = > [2 + (19) 2] = 400

.. Sy starts with 401.

(b) : Let %, E, 12 be a decreasing G.P.
r r

.. By data %,2,9 are in A.P.
re oy
= —24:9+—12:>3r2—8r+420
7 r2

:>r—201‘%:>r—E 1
= 3 —30ny

(.. The given G.P. is a decreasing one).
b : T, =r(n-r-1)=rn-r+1)
=nr—-r?+r

zTr =Z(nr—r2+r) = (n+1)zn:r—zn:r2

_ (n+ 1)[n(n; 1)} _n(n+ 1)6(2n +1)
nn+1)(n+2)
- 6

(b) : 21 = 12 + 22 + 42 5o that
(12+22+42) (2 +y2 +2%) = (x + 2y + 42)?
ie, (2x—y)? + 4y —22+(z—-4x32 =0

y _ 2 : 1
orx = -=—, AG.P. with CR. = —.

2 4 2
(¢) : The given series is
n 2 n _
AL z(i_ujzm
Sr(r+1) T\r+1 T
— Z( r o —:127_1)=L2n
T\ r+1 r n+1

(a) : The given series
= > (n-2r?=> (n?-4nr+4r?)

r=1 1
=n-n2 _4n‘n(n+1) +4. m+ @R+
2 6
n
= —n?+2)
3

(¢) : Three numbers in A.P. can be taken as
a—-d,a,a+d
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24.

25.

26.

27.

28.

Then (¢ — d)% d? (a + d)* are in G.P.
=a'=@-dP=d" -2°d*=0

= dd*- 22> =0 = d =0,+v2a

a+ djz

The common ratio [

a+d)’
when d =0, =1
d
d+a
whendziﬁa,[ ]
a
=(1+/2)? =3+2J2

Thus there are three common ratios

2 :(ai\/ga\z

a

1,3+2V2,3-2V2.

(€ :x®® —at® + M —x% + 27 —x® + x
=xB+ 1D +1) x2-1)

2 -1=@@F+D @+ @?2+1 &2-1)

S _x

7
=—(x?+1)
x

N

(a) : If a is the first term and d is the common
difference, a + 5d = 18 and @ + 8d = 12 giving
d =-2 and a = 28.

~15% term a5 = 28 + 14(-2) = 0.

2
= 7{[ﬁ—i) +2}>14 o x5 15

(b):a+b=3-2«/£ or Z—G\/g+1 =0:>\/%

) 3i2\/§0rg:3+2\/§.3—2\/§
b 3-2J2 3+2V2
As a? + b? = 34, the two numbers are 3+22

and 3-22.

2
(a): Let a, ar,ar?,ar®,ar*
- -

of the G.P. having 4 G.M.’s between a and
ar®. We have a = 2" — 1 and ar’® = 2" + 1

Product of geometric means = (ar)(ar’)(ar’)(ar®)

4. 1+2+3+4 - a4r10 - (a2r5)2 - {(a)(ar5)}2

,ar® be the 6 terms

=ar

- {(211 _ 1)(211 + 1)}2 - (222 _ 1)2 - 244 _ 223 + 1

@: b, —arm-Dd=> (1)

t—a+(-vd=> @)
m

Subtracting (2) from (1) we get

(m—n)d=l—l:>(m—n)d=m_n
n m

mn

sd= l( m+#n)
m

..(3)
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29.

30.

31.

32.

33.

34.

L =a+(mn—1)d=0¢+(mn—1)><i

m

mn
—a-—1 11 4)

mn
From (1) and (3)
(Jz+(m—1)~i=l:>oz+l—i=l

mn n n mn n

:azi:tmnzl

mn
(c):%b+ b =a—-b = 2Jab =a — 3b

= 4ab =(a -3b)? = a?—-10ab + 962 =0
=>@-9)(@-b)=0

a
= a=9b [razbd] = E:I

(¢) : The (n + 1)** G.M. = middle G.M. = G.M.
of 4 and 2916 = V4x2916 = 108
(b) : The numbers are
125 = 53, 63, 73, ...., 21% = 9261; 223 = 10648
Required Sum = (13 + 23 + .... + 213) —

(13 + 23 + 33 + 43)

21x22 2 (4x5)

= > | = 53361 — 100 = 53261
(a) : Let a, g4, g9, b are in G.P.

2

n R =ag =t =a
&2
g1, 82, b are in G.P.
2
s =b81:>& =b
&1
2 .2
g2 &
[ @, a;, b are in A.P.]
1 1 \/;_\/;

@ R i Gy 9

Wy Wy )
W+ )Wz +x) Wy +2)

y-x
W Wz Oy +2)
Similarly

1 1 z-y
Verfy Vzedx (W fy) Wz v ay +4z)
x,y,zarein AP.oy—-x=z-y=x+2z=2y
= Given numbers are in A.P.
@:7T,=8,-S,_;1.e.,
T,=6n2+6n-5n-12-6(n-1)=10n +1
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35.

36.
37.

38.

39.

40.

T, =10r + 1 = 401
= 10r =400 = r =40
n n n

nn+1) n?+n+1
2 2

nZ+n

(a): ;Ar =

n n n?2+n+1

0 n n
-1 n?+n+1
0 n?

n n

n?> n?+n+1
~n=9
b):Tg=8S3-S;=(2.82+8)-(2-7+7) =31

(e) : Given

nZ+n

C,—->C -0C,

n?+n+1

=n?2+n=nn+1) =90

ar~'=3(@r" +ar**' +ar"*? +
=3ar(l+r+r2+..)

1-r=3 ==
1—7’:> r r —=r 4

(¢) : The maximum value will correspond to n
terms when the n'* term is either zero or the
smallest positive number of the series.

i.e., 50 + (n — 1) (-2) = 0 when n = 26;

= 3ar®

26
Sge = ?(a+b)=13(50+0)=650

100
) : T{2a + 99d} = «x;

100
T{2(a +2d) +99d} =y

—x
On subtraction, 200d =y —x = d = yZOO
(a) : The integers divisible by 3 are 33 in

number and are 3, 6, ..., 99.

The integers divisible by 5 are 20 in number
and are 5, 10, ..., 100.

The integers divisible by 7 are 14 in number
and are 7, 14, ..., 98.

The integers divisible by both 3 and 5 are 6 in
number and are 15, 30, ..., 90.

The integers divisible by both 3 and 7 are 4 in
number and are 21, 42, 63 and 84.

The integers divisible by both 5 and 7 are 2 in
number and are 35 and 70.

There are no integers divisible by all three.

Hence the sum of the numbers divisible by 3
or 5 or 7 is

33 20 14
?(3 + 99) + ?(5 + 100) + ?(7 + 98) —

2(15 +90) — %(21 +84) — (35 + 70) = 2838.
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41.

42,

43.

44.

45.

46.

47.

1 1 _1{ 11 }
®): o2 17 @n-12n+1) 2 @n-1 2n+1
Setn =1, 2, ..., 10

1 _1{1_1}
22_1 2|1 3

1 _l{i_i}
20%2-1 2|19 21

Adding we get Szl[l 1j_l 20 _10

2" T21)7 2721 21
b):t,=1+3+5+....+2n—-1) =n?
20x 21 x 41
Sy =12+ 22432 4 . +202=%
= 2870.
d:S=1-3+3-32+5-34+7-3*+ ..
............................... + (2n - 1)3"

3S=1-32+3-3F+....+2n-3)3"+2n-1)3»+1
28=1-3+2[32+33+....+31-2n-1)3"+1

_ 2-3(3"-1 .
g (ujgﬁlj
2 2(3-1) 2
=3+ (n-1)3"+1!

Butgiven=3+(n-1)3> .. b=n+1

p+q+rj
3

= p=q=r. Also 3p + 4q + 5r = 12
=>p=q=r=1

(b) : 2 log (2* — 1) = log 2 + log(2* + 3)
= (2°-12=2.(2*+3)
=(292-4.22-5=0

= (2*-5)2*+1 =0
=>x=1logy5,as 2* +1=0

@):27pgr=(p +q +r)* = (pgr)*3 > (

(a): If n is odd, n — 1 is even. Sum of (n — 1)
-1D(n-1+1)2 2n-1
terms will be n )(nz vl _n (112 )
The n'* term will be n2.
Hence the required sum
_ n?(n-1) = n?(n+1)
2 2

(b) : AM. > G.M.
. 73sinx/8 | H3cosx/8 y 3\/5@5(18672)
2
V2 cos| T 3
Now maximum of 23 2 [8 4] —[23V21 _ 92

3
So A.M. > 232 —, gsinx/8 4 geosx/8 5 2(ﬁ+l)
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48. (d) : The equation will be
x%2 — (o0 + B)x + off = 0 has roots o, B

A=2

L 6= Jup

a+PB=2A, af = G?
The equation is x> — 2 Ax + G? = 0.
49. (d): Let a, ar, ar?,.

S =

a(l-r")

-7
The reciprocals are in G.P.

..... be the G.P.

- (D

1 1 1
a,al",arzj
i
PRSI 11=/") 1
B l—l a\ 1-r r”_l
r
S
_=a2rn—1
R
P=a-ar-ar’.. a1
=anr(1+2+.i.+(n—1))=an r(n—l)n/2

P2 — a2n_ rn(n—l) — (a2rn—1)n — [%j (by (1))

= S=R-P"
50. (c): Let a, ar, ar?,

s =

..... be the G.P.

125

152

a(l-r")
S = —
n 1-r
S, 125 -7
2 15
Se 152 1-r
Lo
1+ 152

5

51. (d): The r™ term of the series

t.=r@2r+12*=4r+ 4% + r

20 20 20 20
D WD VD
r=1 r=1 r=1 r=1

20-21-41 2021

_ 4.[20><21

2

J ot
+

6 D

= 4(210)? + 40 - 7. 41 + 210 = 188090.

52. (d): The r™ term, ¢, =

=(M

2

16 |
Dot =—[22+3%+
r=1 4

;

1

r2
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P+22+. .+
1+3+..+2r-1

1

—(r+1)?
4(r )
172]_l{l7><18><35_
et = 4 —6
= 446.

|

54.

55.

56.

57.

58.

NN
= > 4 3 .- 10 n terms

1 1 1 )
- n—|—+—+—+..ton terms
(2 4t3 , a G.P.

25
= H—Tzz =n-1+2™"
(b): (@ + b% + c¢?) p? -2 (ab + bc + cd) p + b?
+c2+d?<0
=(ap-bl+®p —cP+(p-d?=<0
The sum of squares cannot be negative.
nap =02+ bp—clP+(p-d?=0
ap—b=bp-c=cp-d=0

b c d .
p = PN = a, b, ¢, d are in G.P.
Mb:fQ=FfA+1=Ff1Q)-fQ) =22
FB =fC2+1)=f©Q)-f(1)=2%2.2=23

fn) = 2"16(2" — 1) = 3. fla+r) = 2,

r=1 r=1

=292 + 22 4+ ... +27) = 2. 2(2’1_1\
\2-1)

2H+V

=2¢+1 (2" _ 1), by the sum of G.P.
2¢*1 =16 or a = 3.

(b): Let the two numbers be a and 5.

a+b
x =AM. = >
a,y =ar,z =ar?, b = ar® are in G.P.
y3 +23 a3r3+a3r6
xyz (@+b) 23
2
2a(1+ )
— = P)
a+ ar

(c): Leta,a +d, a + 2d, ....be the A.P.

1 1

T, =—=a+(m-1d=—

n n

1 1

T =— =a+0n-1d=—

m m
. 1
Solving a =d = —
mn

1+ mn—-1
T, =a+mn-1)d=—"—-=1
mn

(a): a, b, c,d are in A.P. Reversing the terms,
d, c, b, a are in A.P.

Dividing each terms by abcd,
1 1 1

—,—,—,L are in A.P.
abc abd acd bcd
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1
59. (b): AM. > G M. = — X > xm
1+ "
and 2y >yt
Lox oy 111
1+ x> 1+y2" 22 4
60. (a): 13 — 23 + 33 — 43 + ... + 93
=13+22+33+4%+ ... 93— 2(2% + 4% + 63
+ 8%
2
9% 10
=[ Xz j —16(13 + 23 + 3% + 43)
4><52
=452—16( 2) = 45% — 40% = 425.
61. (a): 13 — 23 + 3% — ... + 118
=13 +23+3%+...+113-2(2%3+ 4% +63 + 83
+ 10%
2
11x12
=[%j — 16 (13 + 23 + 33 + 43 + 59)
2
=662—16-(5§6j = 662 — 602 = 756.
62. ( ).b_c B b+c b+c B a+d
: a'ad a+d be ~  ad
11 1 1
—t— = — 4= el
= b ¢ a d @)
be 3(b—cj a-d  3b-c)
ad a—d = ad bc
1 | [1 1)
- =_+3 - -
= P p - b .. (2)

1 1 1 1
Let——— =o. Then (1) > ——— = q,
b a d c

1 1
Substituting for b and F in (2), we get

1 1 3 (1 )
—+0o = —+—-3|—+a
c a c¢ a
el z = 2"1‘4(1,
c a
1 1 1 1
— = —+d,— = —+2on,l = l+3on
b a c a d a
1111
—,—,—,— are in A.P.
a b cd
n
63. (¢):S, = 5[2a+ (n — 1)d]

S, = nl2a + (2n — 1)d]
S,—S,=na+@3n -
3
Sy =5 [2a+@Bn-1)d
S,/(S, - 8)) = 3.
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nd n
1)7 = E [ 2a + (3n — 1)d]

64.

65.

66.

67.

68.

(d): Let the four numbers of A.P. be
a—-3d,a—-d,a+d,a+ 3d.
The sum of the terms = 48 = a = 12
(12-3d)(12+3d) 27
(12-d)12+d) _ 35
= 35(16 —d? =3 (144 - d?
= d?’=4=d=+2
The number are 12 -6, 12 -2,12 + 2, 12 + 6
or12 +6,12+2,12-2,12 -6
. 6, 10, 14, 18 or 18, 14, 10, 6,
-. largest term is 18.

n
= Z (tan”" a1 — tan™' a,)

r=1

_ -1 -1
=tan"qa, ,,; — tan™ a,

—1 nd
l+aa,,,

ma + nb

2 m+n

(m + n)Jab = ma + nb
m(@_a) = n(b—\/z)

(D)

..(2)

1), (2) = %(\ENZ) =

A N - T
Va ++/b Va ++/b
(c): Since the sum is 28, we take the A.P. as
7-3d,7-d,7+d, 7+ 3d.
(7-3d)(7+d) 8
(7—d)(7+3d) _ 15
15[49 — 14d — 3d ?] = 8[49 + 14d — 3d?]
=3d2+46d -49=0=d =1
. The partsare 7-3,7-1,7+ 1,7 + 3 or
4, 6, 8, 10.
(a): Let the numbers be a, ar, ar?, ar®
=a-2ar-"17, ar’ -9, ar® -5 are in A.P.
a-2+ar?-9=20ar -1
= ar?+1) - 11 = 2ar — 14

(D)

3
=>r+1=2r—=
a

Further, ar — 7 + ar® — 5= 2 (ar? — 9)
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69.

70.

71.

72.

73.

= arr?+ 1) - 12 = 2ar> - 18 ...(2)
So2e1 =2l
ar
1, 2)=>r=2,a=-3
The numbers are -3, — 6, —12, —24.
5 55 555
+ S = —+—+"+
© 13132 13
S_ 5 .55
137 132 13
Subtracting,
12 5 50 500
=8 = —+ =4+ =
13 13 13* 13° 0
Which is a G.P. with common ratio is B

1 5 10 65
S=n {B*(“Eﬂ = 3%
a+b
@: T, e T2
(@+b) A1 -bc)+ (b +c)(1—ab)=2b (1 -ab)
(1 - dc)
= (b%+ 1) (2abc — (a + ¢)) = 0 (on simplification).
) 1 2ac
b a+e
(c): The coefficient of x® is
1-2+1-3+ +2-3+2-4+

+

(on simplification).

%[(1 $24.107 = (P + 27 + . +107) ]

l(lelljz 10 x 11 x 21
T2 2 6

1
=5[552—55x7]=55x24
= 1320.

i (o)LL) L
a a c-b ¢ a-b)

(a+c—b)+(a+c—b) ~ 0
a(c—-b) cla—-b)
1 1
+ =
a(c—-b) c(a—-b)

0

= cla—-b)+alc-b)=0=b=

(d): Let x = 1.1

S=1+2x+3x%+ ...+ 10«°

Sx =x + 2¢% + ... + 929 + 10x1°
Subtracting, (ii) from (i), we get

SA-—x)=1+2x+ 2% +...... + 2% — 10x1°

10 10

-1 1

= | —10x" = al —-10x"" since x = 1.1

X - .
=10 ™ - 1) - 10 ' = -10

10 10
S=—x_1 =a = 100
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74.

75.

76.

71.

78.

79.

(¢): The first common term is 21. The common
difference of the first series is 4.
The common difference of the second series is 5.
The common difference of the common series
is the L.C.M. of 4 and 5, i.e. 20.

.. The sum of first 10 common terms is

:>170[2x21+9x20]=1110.

(d): S, is the sum of infinite G.P. with first

1
term r and common ratio ——
-

+1
Sr= 1 =r+1
1-
r+1
u - n(n+1) n(n+3)
rzls, Zl( ) St 5

(d): Since b?% = ca, ¢? = bd, bc = ad
b-cl+c—-—aP+d-d?=b%-2bc +c?+
c2—2a +a?+b%2-2bd +d®=a?>+d?%- 2bc
=a?+d?-2ad = (a - d)°
@ekb=ar,c=ar? d=ar’
A +b2+c2=a21+r*+rh
B2+t +d?=ad> 1 +r2+ 1Y
ab+bc+cd=a’r(1+r>+rh
(@® +b* + A +* +d?) )
(ab + be + cd)? o
(©):a + md, a + nd, a + rd are in G.P.
(@ + md) (a + rd) = (@ + nd)?

= 1+mh) A +rM)=0+n)% A= 4

a
1+m+rh+mrA2=1+ 2nh + n2A2

m+r—2n

= A\ = > ...(1)
n —mr
But, m, n, r are in A.P.
2mr
m+r=—
n
mr ,
s = A= = ==
n- —mr n

(e):1,a,,ay...qa,,31arein A.P. The common
difference d is given by 31 = 1 + (m + 1)d

30
=d =
m+1
a, 5 1+7d 5
= - :>— = -
a, 9 1+ (m—-1)d 9
L, 210
5 R m+ 211
9 ~ 1+(m—1)30 T 3lm-29
m+1

5(31m — 29) = 9(m + 211)
73m = 1022 = m = 14.
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80.

81.

82.

83.

b): g = Jab
a, p, q, b are in A.P.

b—a

Common difference d is
b —
. p=a+d=a+ 3a =

b—a a+2b
= — =b_ =
g=b-d 3 3
2p —q) (p — 2q)
_ (4a+2b—-a—-2b) Qa+b—2a-4b)

3 3
= —ab=-g%

2a+b
3

@) :x= £(999..9) = +(10% _ 1)
a) : X = 9 e = 9 —_

[

1
y = 3(999...9) = (10" - 1)

3
z = z(999...9) = 2(1010 -1
9 9
x—y* 102 -1-310" -1
z 2010 -1y
_00+1-q0®-n
2

(a): Let the A.G.P. be 3, (3 + d)r, (3 + 2d)r....
B+dr=4,08+2dr*=4

Eliminating r, (3 + d)? = 4(3 + 2d)

= d?-2d-3=0=d =-1,3
d=-1=r=2.But | r| <1

2
d=3:>r=§

S=3+B+d)r+@+2d)r%+..
Sr=38r+ @B +d)r?®+..
Subtracting, S(1 —r) = 3 + dr + dr? + ....

d >
=3+ r =3+ 3 =9
S
9 3
S=—>7 =21
1-=
3

(¢) : G.P.is a, ar, ar?, .....
a=ar+ar’ =r>+r-1=0

J5-1

r==> since r > 0

Assertion & Reason

1.

(d) : Let n be the number of sides
§[240°+(n—1)5°] = (n—2)I180°

= n?-2n+144=0 .. n=9, 16

But n = 16 = the largest angle is 120° + 15
x 5% = 195° > 180° which is not possible in a

convex polygon
n=09.
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@ : 3 =01+d)r 2=(1+2d)"

:>2\/7—2+2d %=1+2d
r

1= 2‘[ 2, P2 -23r+2 = 0
r:\/gil
Takingr=ﬁ—1,d=§-1
, V3 V3+1
d = 1 ="

V3-1 2

x = (1+3d)r = [1+

SO}

(\/§+1)}(«/§—1)3
- (2285 4-245)

= (5+3v3)(\3-1)(2-+3)
= (3J3+5)(3/3-5) = 27-25 = 2.
(e) : S, is true. It can be shown that S, is false.
V2 -3 =01-m)d
V3 -6 =(m-nyd
V2 - «/7 l-m

On division we get, N \/7 m_n

= Irrational = Rational, which is not possible.

d):LetS =a, +a,+a,+...+a

= an =S, =%n(n2 -1

RCEICESI T P

=M[2n+1—2(n—1)]

S

S = n(n+1)
2
S, =1+2+3+. n—Zn

= t =n#n+1
Statement-1 is false and Statement-2 is
true.

(b) : Let a, ar, ar? be the three terms of a G.P.

(which forms a triangle).
We have (a, r > 0)
a+ar > ar? (assumer 21
(Sum of two sides > third side)
=>1+r>r?
>rr-r-1<0
1-5 1+5
= 2 <r< 2

Butr >1hencel<r<

1+\/5
2
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J5 -1

Also r can be less than 1 so that gives r >

6. () : S_n/: 3n+8 _ n(3n+38) _ 3n22+8n
S’ Tn+15 n(In+15) 7Tn” +15n

o S,=S,,  (3n’+8m)=3(n-17-8(n-1)

= S =S I +15n=T(n—-1) —15(n—1)
i, 6n+s

= —fzn = ¢t :t'=6n+5:14n + 8
t 14n+8 roor

n

Now Statement-1 is false & Statement-2 is true.

7. (d): - AM.>G.M. asa,b, c are distinct real

numbers
2 2
% oJab ie a?+ 02> 2ab ... (i)
Similarly b2 + ¢2 > 2bc ... (i)
& c? + a? > 2ac ....(111)

Now by adding (i), (ii) (iii) we get

2(a? + b% + ¢?) > 2(ab + be + ca)

= ab+bc+ca<]l Usinga?+b2+c?2=1
Statement-1 is false & Statement-2 is true.

n+l
Statement-1 is false but Statement-2 is
correct.

9. (b): Using A M. > G.M.

i >(1-2° -3 )

> (n !)3/)1

2 2
— n (n+1) >(n!)3/n
4n

- [T = (e e

1 2n
!3 < n ﬂj
o (n) <n ( :
Hence Statement-1 & Statement-2 both are true

but Statement-2 is not proper explanation of (1)
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10.

11.

12.

13.

(a) : -» Sum of n terms of an A.P. is
n
S, =E[2A+(n—1)D]

Where A = first term, D = common difference.
Hence sum of n terms of an A.P. is always in the
form of quadratic expression & Statement-2
is true.
Again S =2n*+3n + 1
.t =8 -8 |
=2[n*-n-141+3[n—-n+1]
=22n-11+3=4n+1
D=t —t =4.
(a) . 21/4 41/8 81/16 (1 6)1/32...°° — 2:(
—  Qx = QU4 Q28.93/16.9432 oo —y D — 2%
1 2 3 4
X=—F—+—+—+
4 8 16 32
x 1 2 3

—=—+4+—+—+........ ii
ST AT 0 ....>i1)

(i) — (ii), we have
IR

=

U

@) : N2=d+(a-1)dN3=4+(b-1)d,
J5=4+(c-1)d

J2-\B3=(a-b)d @)
And \3-+/5=(b-c)d i)
_ V2-43 _a-b
T B-5 0 b-c

Statement-2 is true but Statement-1 is
false.

(d) : Statement-1 is false as each term of the

series oo smaller than

1
010 10 10°
but its sum to infinity terms is infinity and
on the other side EE% does not exist so

statement (2) is true.

QUESTIONS FROM PREVIOUS YEARS AIEEE/JEE MAIN

@:(1+3+58+...+9)-(28+42+6%+8%
=(13+33+53+.... +9%) —23(1%3 + 23 + 33 + 49)
=[13 + 3%+ ..... +@2n - 13 _ qa-s
—28[13+ 22+ o+ nf o,
=2n(n+1Dn+2)(n+3)-12n(n + D(n + 2)
nz(n+1)2
4 n=a

(even)

+ 13n(n + 1) — n], _ 5 (odd) — 23{
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(Remember this result)
=2x5x6xT7Tx8-12x5x6x7+13 x5

x 6 — 5] - zB[Mj
4

[3750 — 5(505)] — 2 x 16 x 25
1225 — 800 = 425.

2. (b) : Let terms of G.P are a, ar, ar?,

a
S, = —, @= first term
r = common ratio
S_=20
According to question & = 20
= a=201-r) ...@)
2
also 5 = 100
—-r
a a
I—r 1+r 100
= a=51+r) ...>11)
Solving (i) and (ii) we have r = 3/5
12z 3 4
3. (b):S_=24.28.216.232. .c=2" (say) ..(¥)
1 2 3 4
= — —+— o i
Where A = 4 Y 16 3 T ...@)
A 1 2 3 4
= = —t ==+ — o ii
3 0+8 6t T ...(i1)
Now (1) — (i) = &=l+l+L+ L,

—
2 4 8 16 32 o4

A a 1 2
A=1s0S_ = 2!

=—X—

2 1-r 4 1

4. (b) : Let first term of an G.P is ¢ and common
ratior .. tg=art=2

[le =a-arar?...ar

8x9

=a% 2 = %36 = (qrt)® = 29

5. (d) : Let the polynomial be f(x) = ax® + bx + ¢

Given f(1) = f(-1) > b =0

fx) = ax® + ¢

Now f'(x) = 2ax
(@) = 222, f'(b) = 2ab, f'(c) = 2ac
a, b, c e AP.
a?, ab, ac € A.P.
2a?, 2ab, 2ac € A.P.
f'(a), f'(b), f'(c) € A.P.

1 1 1

6. (c):Ist*Solution:S=—-—+ — ...
1-2 23 3-4

Lue A

1 1

!
+ + — ... 00
1.2 3.4 5.6

Let S, =
(sum of positive terms)
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. 1 11
" 2n-1)2n) 2n-1 2n

S P
273 45
=10ge2 ...(i)
11
= —+—t+— -
Again Sy = So+ T h T+

(sum of negative terms)

T = Gnan+

| 1
=T, = Z(2n)(2n+1)zz(2_n_2n+lj

|
7\
N | —

|
W | —
N—

+
7\
W | —

|
S
N—

+

8

{1 1 1 1 }

= —|-——+-——+—-+4+.©

2 3 4 5

= —[log,2 — 1] = 1 — log,2 ..(i1)

Now S = S, — S, @ - (i)
=log,2 — 1 + log,2 = log,(4/e)

114 Solution :

1 1 1 1
1.2 23 34 45
2-1 3-2 4-3 5-4
1.2 2.3 34 4.5

Consider

=1+ 2log,2 - 2 =2 log,2 — 1 = log,(4/e)
11174 Solution :

_ eyt _ et
T, = nn+1) S, = Zn(n+1)
~ (_1)n+1 (_l)n
S, = Z n +Z n+l1

[ 1 1 1 j[1 1 1 j
= |l-—+-—-—+.0|+| ——+-——+..©
2 3 4 2 3 4

= 2 log,2 — 1= log,(4/e).

(a) : According to problem f(x) = x + 1/x

xt+d
5 L > 1k (AM. = G.M)

1
= x4+ — =22
x

= «x =1 for f(x) to be minimum.
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...(1)

a a a
8. (c):a%=i=---—an'il =r
which means «,,¢a,,, a,,,€ GP.
= a%,1=0,0,,,
= 2loga, ,, — loga, — loga, , , =0
Similarly
2loga,,,—loga,, ;—loga,, =0..(i
and
2loga,,,—loga, c—loga,, s=0

Using C, —» C, + C; — 2C,, we get A= 0

1
9. (c):Tm=a+(m—1)d=;
1
T =a+(n-1d=—
m
NowT, ~T, = - =(m-n)d
n m
1 1
= d=——"anda=—
mn mn

a-d=0

10. (b) : As S, is needed when 7 is odd let

n=2k+1

...(iii)

...(1)
...(ii)

S, =8,,,,=>Sum up to 2k terms + (2% + 1)'*

term
2k(2k +1)°
== 5 + last term
n—1)n?
=% +n?asn=2k+1
_ nz(n+1)
B 2

Alternative Solution :

We have T, =12, T,=3% T, =52

let n is odd then (n — 1) will be even and
_ (-Dm-1+1*  (n-Dn’

S

nolo 2 2
S,=8,_,+t¢t,
n—n’ + n?

2 2

11. (@): Given |a | <1, |b | <1, |c| <1,
a,b,ce AP.
it 1 S oon 1 S o 1
and Y 4" = , S b= 3 "=
n=0 l-a n=0 1-b r=0 l-c
U SR D
1~ T1-p “T1-¢
Da:—x_l, b:—_l, C:Z_l
b y z
2b=a+c asa, b, ce AP
1
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12.

13.

14.

15.

16.

Alternative Solution :

1

o0
Given x = Y 4" =
l1-a

n=0

.. _ 1 1
Similarly y=7", and z=,"~
Nowa, b,ce AP. = —a,-b,—< € AP.
= l1l-a,1-b,1-c € AP.

1

L

1-a’ 1-b°
(Ifa, b, c € A.P. then
= x, 9 z€ HP.

1 € H.P.
l-¢

1 1 1
4, -, =, eHP.)
a’b’c’E

(c) : Altitude from A to BC is

Area of A = %ADxBC
; 2-Areaof A — 4D

a . B D C
Altitudes are in HP. <—«——>

L2028 28 e o LD ygp
a b c a b’ ¢

= a, b, c € AP.

(d) : Given a4, aq, as, ... be terms of A.P.

atay+..a, p?
a+ay+.a, g
p
N 5 [2a +(p-1)d] :]i - 2a) +(p-1d _ p
2 _
Yay+(g-nay ¢ 2ar@mhd g
= [2a; + (p — 1)dlq = p[2a; + (g — 1)d]
= 2a,(q —p) =dllg-Dp - (p - 1)l
= 2aq-p)=d(q-p)=>2a,=d
35176_511+5d _a+10q a4 11
ay,  a+20d  a +40q ay 41

(d) : Given a4, aq, ..., a, are in H.P.

= i, i, ..... ,i e AP.
aq G a
11 I B R IO BN ()
= a a =d = aa d d d
a, az .
a,as = d ...(ll)
: a1 a
a,_a, = nd —7” ...(n)
Adding (1), (i1), ............ , (n) equations we get
9 a,
a1y + Q903 + A3y + ... Q,_1Q, = 7 - 7
11 a —a,
Also = a—l+(n—1)d = 4 = (n-Daa,

n

aa9 + Qo3 + ... a,_10a, = (n — 1a;a,.

b):Given,a=ar +ar?=r>+r-1=0
—1+45
o

(b) : Let the first term of the G.P. be ‘@’ and the
common ratio be r’

= r=
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17.

18.

19.

20.

We have

a+ar =12

ar? + ar® = 48
Solving the equations (1) and (2)
we get r = + 2
But, as the terms are alternative positive and
negative

r is negative = r = -2
Put r = -2 in equation (1)

al-2)=12 = a=-12

2 6 10 14
LetS_1+§+3—2+3—3+3—4+

(1)
.(2)

(a) :

2
D§S:2 S=

(b) : We have a4 + ay + ... + a,, = 4500

= aq + Qg+ ... +a, = 4500 — 10 x 150 = 3000

= 148 + 146 + .... = 3000

n—10
2

(2% 148 + (n-10 - 1)(-2)) = 3000

Letn—-10=m
= m x 148 —-m(m — 1) = 3000
= m?—149m + 3000 = 0
= (m - 24)m — 125) =
m = 24, 125,
We get, n = 34, 135
But for n = 135, we have
Q135 = 148 + (135 — 1)(-2) = 148 — 268 < 0
But as, is positive.
Hence, n = 34 is the only answer.

=

(b) : Let it happen after n months.

3x200 =11040

= [n 3j(480+40n 160) =11040 - 600

= 10440
= n2+5n-546 =0 = @n +26)(n -21) =
n = 21.

(d) : Statement 1 :
1+1+2+4)+@+6+9)+....
+ 400) is 8000

+ (361 + 380

3 (k-1 =n?

k=1

Statement 2 :

©0O
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21.

22,

23.

24.

25.

26.

Statement 1:7,=1,T,=7=8-1,
T,=19=27-8=T,=n%-(n-1)3

. Statement 2 is a correct explanation of
statement 1.

(b) : 100 (a + 99d) =
= a+ 149d = 0 i.e.,

50 (a + 49d)
Ti50=0

(b): t, =0.77777....7
-

r terms
1,7, T
10 102

Zt [20 210

r=1

- 1(1-10*’)

7 1 -20
J §{20—§(1—10 )}

(c) : Let the number be a, ar, ar?, we have
2|2ar| =a+ar? >4r=r?+1
= r2-4r+1=0
:41\/52412\@:21“@
2 2
. r:2+\/§ , as number is positive.

b):Let P=10°+2-11- 108 + ... + 10 - 11°

_ -20
31 (179 +107)

11
we have EP =11-10% +...+9-11° +11'°

On subtracting, we get
1

= EP =111 -110° +11-10% +11%-10” +...+117]
(11)10 _
-1110 _10° 10 —1110 _ 1110 4 1010
11
-1
10

P = 10! = (100) - 10°
On comparison, £ = 100
(d) : The n'* term, ¢, is

n2(n +1)%
B 1¥+28 4. +n° B 4 _(n+1)2
C143+...+4@n-1D 2 4
9 9 (n+1)2 1
>ty 2 2 ? -
n=1 =
=1{M } —{385-1}= —><384 96
4 6 4

(d) : Given that /, G,, G,, G,, n are in G.P.

G, =Ir, G =1Ir?, Gy =1r’, n = Ir*

Then G + 2G, 44 G 4= (lr)4 + 20r3* + (Ird)*
(l3)(lr4) + 212(lr4)2 + 1-(IrY?

=0Bn + 2%2n% + In®

=In(® + 2nl + n? = In(n + 1)?> = 4m?nl
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